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ABSTRACT 


This  thesis  empirically  examines  the  characteristics  of 
the  Canadian  agriculture  production  technology 
disaggregating  output  into  two  distinct  products.  A 
multiple  input  multiple  output  joint  nonhomothetic  translog 
cost  function  with  n  -  1  cost  share  and  m  revenue  share 
equations  is  estimated  using  pooled  cross  sectional  time 
series  data  for  the  time  period  1961  to  1979.  In  addition, 
a  interregional  comparison  between  Eastern  and  Western 
Canadian  agriculture  is  conducted. 

Statistical  analysis  focuses  on  global  tests  for 
alternative  production  structures  such  as  homothetici ty , 
homogeneity,  log  linearity  and  linear  homogeneity.  Four 
alternative  specifications  of  global  constant  returns  to 
scale  were  rejected.  Furthermore,  the  rejection  of  global 
homotheticity  suggests  to  view  previous  analysis  employing 
the  single  output  specification  with  caution. 

Calculations  are  conducted  to  estimate  the  values  of 
various  summary  measures  such  as  the  partial  elasticity  of 
substitution,  own  and  cross  price  elasticities  of  factor 
demands,  output  elasticities  of  factor  demands,  marginal 
rates  of  product  transformation,  marginal  cost  of  outputs 
and  local  overall  returns  to  scale  for  each  region  and  the 
Canadian  aggregrate. 

Local  tests  conducted  on  the  agriculture  technology 
reveals,  at  the  point  of  approximation,  agriculture  is  a 
increasing  cost  industry.  Furthermore,  local  tests  leads 
one  to  reject  constant  returns  to  scale  at  the  point  of 
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approximation  for  the  two  regions  and  the  Canadian 
aggregate . 

The  empirical  findings  indicate  there  exists 
interregional  differences  in  the  agriculture  technology 
utilized  in  Eastern  and  Western  Canada.  Morever ,  there 
exists  significant  intraregional  differences  in  the 
technologies  employed  in  the  production  of  field  crops  and 
livestock /animal  products.  In  conclusion,  the  agriculture 
technology  of  Eastern  Canada,  Western  Canada  and  the 
Canadian  aggregate  is  a  nonhomothetic  multiple  output 
multiple  input  one. 
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CHAPTER  Is  INTRODUCTION 


1.1  Background 

Agriculture  is  an  important  major  industry  in  Canada 

accounting  for  9.3  %  of  Canada's  export  trade. ^  The 

agriculture  industry  including  the  processing,  wholesale 

and  retail  sector  represents  approximately  25  %  of 

2 

Canada's  economic  activity. 

The  national  food  strategy  conference  of  1978  in  its 
summary  statement  stated  one  of  its  eight  objectives  was 
to  increase  production  and  marketing  efficiency.  A 
necessary  condition  to  achieve  this  objective  is  an 
adequate  knowledge  of  the  technological  structure  of 
Canadian  agriculture. 

Historically,  Canadian  agriculture,  on  the  supply 
side,  has  been  characterized  by  technological  change,  net 
inflows  of  capital,  net  outflows  of  labor,  increases  in 
the  capital-labor  ratios  and  above  average  increases  in 

^"Canada  Yearbook  1980  -  81. 

2Ibid . 

3Ibid . 
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productivity.  More  recently,  there  has  been  a  decline  in 
the  rate  of  growth  in  Canadian  agriculture  productivity . ^ 
As  a  result,  several  studies  have  empirically  investigated 
the  characteristics  of  an  aggregate  Canadian  agriculture 
production  technology  utilizing  time-series  data. 

In  general,  these  studies  have  focused  on  estimating 
the  growth  in  total  factor  productivity,  the  degree  of 
technological  change,  returns  to  scale,  and/or  various 
summary  statistics  such  as  own  price  elasticity  of  factor 
demands,  cross  price  elasticity  of  factor  demands  and 
elasticity  of  factor  substitution.  Moreover,  most  of 
these  recent  studies  have  employed  relatively  recent 
advances  in  three  areas  of  economics:  (1)  duality,  where  a 
dual  cost  or  profit  function  is  used  instead  of  the  primal 

c 

production  function,  (2)  the  refinement  of  conditions  of 

c 

aggregation  and  the  related  theory  of  index  numbers,  and 
(3)  flexible  functional  forms  and  approximating 


^The  most  recent  study  of  the  slow  down  in  the  196CKS 
and  197(Ks  is  Brinkman  and  Prentice  (1983) . 

5For  survey  articles  on  duality  see  Diewert  (1974b, 
1978b,  1982),  McFadden  (1978),  and  Nadiri  (1982).  For  an 
indepth  presentation  see  Blackorby,  Primont  and  Russell 
(1978) ,  Fuss  and  McFadden  (1978)  and  Varian  (1978) . 

6For  recent  articles  on  aggregation  and  index  numbers 
see  Blackorby,  Primont  and  Russell  (1978)  and  Diewert 
(1976,  1978a) . 
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functions.  These  recent  studies  have  contributed 
significantly  to  our  statistical  understanding  of  the 
Canadian  agriculture  production  technology.  In  addition, 
these  studies  have  provided  us  with  an  extremely  useful 
guide  showing  the  methodology  of  empirically  implementing 
these  relatively  new  advancements  and  techniques  in 

economics . 

The  most  recent  advancement  in  the  production 

analysis  literature  is  an  extension  of  the  single  output, 
multiple  input  costing  approach  to  the  multiple  output, 

o 

multiple  input  case.  All  of  the  Canadian  agriculture 

g 

studies  have  utilized  a  single  aggregate  output  approach. 
This  thesis  is  a  first  attempt  to  analyze  Canadian 
agriculture  using  a  multiple  output,  multiple  input  cost 


7The  use  of  flexible  functional  forms  in  econometric 
estimation  has  been  rapidly  increasing.  For  a  selective 
literature  review  on  flexible  function  forms  see  Appelbaum 
(1979) ,  Berndt  and  Khaled  (1979) ,  Blackorby,  Primont  and 
Russell  (1977,  1978),  Burgess  (1975),  Denny  (1974),  Fuss, 
McFadden  and  Mundlak  (1978) ,  Lau  (1974)  and  Wales  (1977) . 

8The  multiple  output  multiple  input  case  is  synonymous 
with  the  multi-output,  multi-input  case  and  multiproduct 
case . 

9The  author  is  aware  of  only  one  study  using  the 
multi-product,  multi-input  approach  to  agriculture.  Ray 
(1982)  analyzes  U.S.A.  agriculture. 
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approach  explicitly  testing  the  production  structure. ^ 

The  following  selective  literature  review  provides  a 
brief  compendium  of  recent  studies  which  investigated  the 
characteristics  of  Canadian  agriculture.  The  literature 
review  is  necessary  in  order  to  provide  some  background 
information  on  the  production  structure  of  Canadian 
agr iculture . 

1.2  Literature  Review 


Islam  and  Veeman  (1980),  employing  a  model  comprised 
of  five  input  share  equations  derived  explicitly  from  a 
translog  cost  function  augmented  to  incorporate 
technological  change,  empirically  estimated  the  summary 
statistics  of  the  Canadian  agriculture  production 
technology  for  the  period  1961  to  1978.  Although  it  is  an 
excellent  study,  there  exists  one  severe  conceptual 
problem  with  their  analysis  which  questions  the  empirical 
validity  of  their  results.  Islam  and  Veeman  impose 
constant  returns  to  scale  on  the  production  technology 
they  seek  to  analyze. 


■^1  have  been  recently  informed  of  Islam  (1982)  who 
estimated  several  alternative  specifications  of  Canadian 
agriculture.  However,  Islam  (1982)  does  not  empirically 
discriminate  between  alternative  specifications  and  as  a 
result,  one  does  not  know  which  one  of  the  alternative 
models  are  empirically  valid. 


5 


The  maintained  hypothesis  of  constant  returns  to 
scale  may  lead  to  biases  in  the  empirical  results  if  the 
production  technology  is  in  fact  not  homogeneous  of  degree 
one.  Lopez  (1980)  has  shown  the  assumption  of  constant 
returns  to  scale  imposed  on  an  empirically  valid 
nonhomogeneous ,  nonhomothetic  cost  function  can  lead  to 
statistically  biased  estimates  of  technological  change. 
Furthermore,  Brown,  Caves  and  Christensen  (1979)  have 
shown  the  imposition  of  homogeneity  and  homo the t ic i ty , 
which  are  necessary  conditions  for  constant  returns  to 
scale,  on  a  nonhomothetic  function  leads  to  incorrect 
parameter  estimates.  Lau  (1974)  states^. 


"The  constant  returns  assumption  may  be 
dropped  at  virtually  no  cost.  In  many 
applications,  especially  in  the  empirical  analysis 
of  microeconomic  units,  it  may  not  be  appropriate 
to  maintain  the  hypothesis  of  constant  returns  to 
scale . " 


Islam  and  Veeman  by  maintaining  the  constant  returns 
to  scale  translog  cost  function  are  assuming  homogeneity 
of  degree  one  on  the  unknown  true  production  technology. 
The  use  of  this  assumption  is  quite  typical  of  earlier 
empirical  costing  studies  and  can  be  attributed  to  either 


11 


Lau  (1974)  p.  180. 
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a  misinterpretation  of  Diewert  (1974b)12  or  the  lack  of  a 

sufficiently  large  data  set  to  estimate  all  the  parameters 

involved  in  the  nonhomogeneous  case.  It  appears  Islam  and 

Veeman  (1980)  assume  linear  homogeneity  because  of  the 
13 

latter.  If  the  analyst  has  a  large  enough  data  set,  then 
the  hypothesis  of  constant  returns  to  scale  should  be 
empirically  tested  rather  than  maintained. 

Alternatively,  Lopez  (1980)  using  time  series  data 
for  1964  to  1977  estimated  the  summmary  statistics  with 
the  aid  of  a  modified  Generalized  Leontief  cost  function. 
Moreover,  Lopez  tested  the  hypotheses  of  fixed  proportion 
production,  constant  returns  to  scale  and  homotheticity 
and  rejected  all  three  for  Canadian  agriculture. 
Therefore,  according  to  Lopezes  results,  the  Canadian 
agriculture  technology  is  nonhomothetic  and  the  maintained 
hypothesis  of  constant  returns  to  scale  would  lead  to 
statistical  biases. 

Lopez  (1980)  maintained  the  hypothesis  of  the 


12Diewert  (1974b)  made  the  theory  of  duality  accessible 
to  a  wider  audience  with  his  classic  article.  However  in 
his  development  of  duality  theory,  Diewert  assumes 
constant  returns  to  scale  on  the  production  function  for 
expos itional  simplicity.  Consequently,  Lau  (1974)  and 
Shephard  (1974)  correctly  point  out  constant  returns  to 
scale  is  neither  necessary  nor  sufficient  for  the  duality 
results  to  hold. 

13It  appears  Islam  and  Veeman  (1980)  had  18  observations 
and  estimated  22  parameters  directly. 
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modified  Generalized  Leontief  cost  function.  Although 

there  is  no,  a  priori,  theoretical  grounds  for  choosing  a 

particular  flexible  functional  form,  it  may  be  the  case 

the  empirical  results  may  be  sensitive  to  the  particular 

functional  specification.  If  a  generalized  Box-Cox, ^ 

hybrid  translog, ^  or  a  translog  function-^  was  used 

1 7 

instead  of  the  generalized  Leontief,  then  would  the 
subsequent  empirical  results  be  consistent  with  Lopez? 
Furthermore,  Lopez  in  his  analysis  used  aggregate 
agricultural  output.  It  is  of  interest  to  determine 
whether  the  statistical  summary  measures  of  Canadian 
agriculture  are  sensitive  to  the  degree  of  aggregation. 

Chan  and  Mountain  (1981)  engaged  a  translog  primal 
production  function  to  investigate  the  growth  in  total 
factor  productivity  in  Canadian  agriculture  from  1953  to 
1976  and  attributed  portions  of  growth  to  the  rate  of 
technical  progress  and  returns  to  scale.  The  hypothesis 
of  linear  homogeneity  of  the  production  technology  is 

■^See  Applebaum  (1979),  Berndt  and  Khaled  (1979),  or 
Kiss,  Karabadjian  and  Lefebvre  (1981). 

■^See  Caves,  Christensen  and  Tretheway  (1980),  Fuss  and 
Waverman  (1978),  or  Kiss,  Karabadjian  and  Lefebvre  (1981). 

16The  transcendental  logarithmic  function  or  translog 
for  short  was  introduced  by  Christensen,  Jorgenson,  and 
Lau  (1973) . 

17The  generalized  Leontief  function  was  orginally 
formulated  by  Diewert  (1971) . 
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rejected  at  both  the  10%  and  5%  level  of  significance.^ 

Estimating  a  restricted  profit  function,  Danielson 
(1975)  analyzed  Canadian  agriculture  for  the  period  of 
1946  to  1970  and  rejected  the  existence  of  an  aggregate 
profit  function.  Danielson^s  primary  contribution  was  to 
examine  and  show  the  problems  associated  with  data 
collection  and  data  refinement.  The  rejection  of  the 
existence  of  an  aggregate  profit  function  may  be  as  a 
result  of  his  data  set  or  his  choice  of  a  functional  form 
rather  than  the  nonexistence  of  such  a  function. 

Islam  (1982)  estimated  the  agriculture  production 
technology  for  Canada  and  Western  Canada  for  the  period  of 
1961  to  1978  employing  several  alternative  sets  of 
restrictions.  Parameter  estimates  were  arrived  at  by 
specifying  four  variants  of  the  translog  cost  function. 
The  homothetic  joint  output  model  with  technological 
change, the  homothetic  single  output  model  with 
technological  change,  and  the  nonhomo the tic  single  output 
model  with  and  without  technological  change  are  all 
estimated  using  a  translog  cost  function.  However,  Islam 
(1982)  does  not  empirically  test  the  validity  of  the 

■^Chan  and  Mountain  (1981)  p.12. 

19Islam  (1982)  uses  the  expression  "joint  output"  to 
mean  "multiple  output".  The  multiple  output  literature 
notes  the  distinction  between  the  two  expressions. 
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restrictions  he  has  imposed  on  his  model  and  therefore 
does  not  allow  him  to  make  any  statistical  conclusions 
between  the  alternative  variants  of  his  model.  In 

addition,  Islam  (1982)  does  not  test  for  methods  of 
aggregating  output  from  the  multiple  output  case  to  the 
single  output  case. 

Lopez  and  Tung  (1982) ,  using  pooled  Canadian  data  and 

a  refined  data  base,  building  upon  Lopez  (1980), 

investigated  profit  maximizing  behavior  and  the 

implications  of  energy  conservation  measures  on  Canadian 

agriculture.  It  appears  Lopez  and  Tung  (1982)  utilized 

pooled  time  series  and  cross  sectional  data  for  the  period 

1961  to  1979  to  increase  the  size  of  their  data  set.  The 

authors  do  explore  to  some  extent  the  degree  of  the 

possible  interregional  differences  between  the  agriculture 

2  0 

production  technology  of  Eastern  and  Western  Canada. 
However,  Lopez  and  Tung  (1982)  employed  the  generalized 
Leontief  function  and  a  single  aggregate  output  as  was  the 
case  in  Lopez  (1980) . 

Finally,  Lopez  (1982)  utilizing  a  variable  profit 
function  examined  the  long  run  responses  of  Canadian 

20Lopez  and  Tung  (1982)  used  dummy  variables  in  their 
first  order  equations  to  capture  interregional  variations 
and  concluded  Western  Canada  appears  to  have  a  more  land, 
labor  and  other  intermediate  input  intensive  technology 
compared  to  Eastern  Canada. 


'  ■  '  •  M  K  «  I  ** 


' 


10 


agriculture  to  higher  Canadian  energy  prices.  The 
analysis  is  based  upon  the  summary  statistics  found  in 
Lopez  (1980) . 

There  are  several  points  of  interest  which  are  common 
to  all  of  the  above  cited  studies.  First,  all  of  the 
aforementioned  studies  employed  highly  aggregated 
time-series  national  data  to  estimate  the  production 
technology  of  Canadian  agriculture.  In  spite  of  an 
obvious  need  for  pursuing  a  more  disaggregated  approach, 
relatively  little  effort  has  been  devoted  to  this  area. 
It  is  of  interest  to  examine  the  agriculture  production 
technology  at  either  the  provincial  level  or  the  regional 
level  to  determine  the  extent  of  interprovincial  or 
interregional  variations. 

Second,  all  of  the  above  mentioned  studies  relied  on 
either  the  generalized  Leontief  or  translog  functional 
specification.  Lopez,  in  all  of  his  studies,  utilized  the 
generalized  Leontief  form.  It  is  of  interest  to  determine 
to  what  extent  his  empirical  results  are  sensitive  to  that 


^ ■''One  exception  is  Lopez  and  Tung  (1982)  who  use  pooled 
data  comprised  of  Eastern  and  Western  Canadian  data. 
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functional  specification.22 


Finally,  all  of  the  reviewed  studies  maintain  the 
existence  of  a  single  aggregate  output.  This  is 
equivalent  to  assuming  separability  of  input  prices  and 
outputs  in  the  cost  function.23  It  may  be  the  case  the  use 
of  a  single  aggregate  output  leads  to  statistical  biases 
in  the  estimated  summary  measure  if  the  production 
technology  is  a  multiple  output  one  and  the  method  of 
output  aggregation  is  ad  hoc. 


1.3  The  Problem 


Although  empirical  investigation  of 
economic  phenomena  using  aggregate  data  may 
results,  it  may  conceal  empirically  valid 
available  from  the  utilization  of  a  more 
approach.  Public  policy  based  on  results 


a  particular 
yield  useful 
observations 
disaggregated 
derived  from 


aggregate  analysis  may  lead  to  inappropriate 
recommendations.  Consequently,  it  is  of  interest  to 


9  9 

Islam  and  Veeman  (1980)  used  the  translog  cost 
function  while  Chan  and  Mountain  (1981)  employed  the 
translog  production  function.  The  problem  with  the  former 
is  the  imposition  of  constant  returns  to  scale  and  a 
potential  problem  with  the  latter  is  the  measurement 
problems  associated  with  estimation  from  the  primal  side. 

23The  conditions  for  separability  of  input  prices  from 
outputs  will  be  discussed  in  a  later  chapter. 


• 
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investigate  the  characteristics  of  Canadian  agriculture 
disaggregated  in  two  ways.  First,  it  is  useful  to  examine 
the  agricultural  output  and  treat  it  as  two  distinct 
product  types:  field  crops  and  lives tock /animal  products. 
Second,  due  to  the  heterogeneity  of  Canadian  agriculture, 
it  is  of  interest  to  investigate  the  interregional 
differences  in  the  agriculture  technology.24 

It  is  of  interest  to  examine  Canadian  agriculture 
disaggregating  output  into  a  multiproduct  cost  function  to 
determine  to  what  extent  the  summary  measures  reported  in 
the  above  cited  studies  are  sensitive  to  the  degree  of 
output  aggregation.  In  addition,  by  using  a  multiproduct 
approach  one  can  test  for  cost  complementarities, 
economies  of  scope,  and  calculate  marginal  rates  of 
product  transformation  which  are  unavailable  in  the  single 
output  case. 

The  heterogeneity  of  Canadian  agriculture  is 
reflected  in  part  by  the  interregional  differences  in  the 
agriculture  output  mix,  factor  endowments,  factor  usage, 

240r iginally ,  I  started  to  examine  the  interprovincial 
differences  in  Canadian  agriculture.  However,  due  to  the 
unavailability  of  a  data  set,  I  quickly  abandoned  the 
approach  and  moved  to  a  more  tractable  perspective. 

2^Cost  complementarities,  economies  of  scope  and 
marginal  rates  of  product  transformation  are  defined  in  a 
subsequent  chapter. 
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output  specialization  and  factor  proportions.  Therefore, 
as  a  brief  introduction  to  the  problem,  an  examination  of 
interregional  variations  in  factor  usage  and  factor 
proportions  is  presented. 

Table  1  represents  the  levels  of  the  factors  of 
production  employed  in  agriculture  by  province  in  the 
census  year  1976.  Generally  and  discursively,  the  table 
indicates  the  prairie  provinces  exhibited  the  highest 
absolute  factor  usage  of  land,  labor  and  capital  by  region 
and  this  usage  declines  as  one  moves  east  or  west. 

Alternately,  table  2  specifies  the  factor  input 
ratios  observed  in  agriculture  for  the  same  year.  The 
cross  sectional  observation  indicates  the  value  of  capital 
per  unit  of  labor  and  the  land-labor  ratio  was  the  largest 
in  the  prairie  provinces  and  generally  declines  moving 
either  east  or  west. 

The  discussion  above  does  clearly  indicate  there 
exists  differences  in  factor  usage  and  factor  proportions 
among  provinces  for  the  selected  year  1976.  How  much  of 
these  interprovincial  variations  can  be,  in  general, 
attributed  to  differences  in  provincial  technologies  and 
specifically  to  differences  in  the  rate  of  technological 
progress,  scale  effects  and  output  composition?  Data 
limitations  require  an  interregional  comparison  between 
Eastern  and  Western  Canada  rather  than  an  interprovincial 


. 
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Table  Is  Factor  Input  Values  for  Agriculture 


Province 

Land3 

Capital0 

Labor0 

Atlantic 

1415 

240 

21 

Quebec 

5923 

863 

74 

Ontario 

11069 

1940 

113 

Prairies 

88967 

5645 

247 

British  Columbia 

1911 

346 

18 

a.  Improved  land  in  use  in  1976 

(thousands  of  acres)  Source:  Census  of  Canada 

b.  Value  of  machinery  and  equipment  in  1976 
(millions  of  dollars)  Source:  Statistics  Canada 

c.  Paid  and  unpaid  workers  in  agriculture  in  1976 
(thousands  of  workers)  Source:  Statistics  Canada 
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Table  2:  Factor  Input  Ratios  for  Agriculture3 


Region 

Land/Labor 

Capital/Labor 

Maratimes 

67.38 

11.43 

Quebec 

80.04 

11.66 

Ontario 

97.96 

17.17 

Prairies 

360.19 

22.85 

British  Columbia 

106.17 

19.22 

a.  Calculated  by  dividing  the  1976  factor  input  values  by 
labor  as  reported  in  Table  1. 
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comparison. 

The  purpose  of  this  thesis  is  to  investigate,  analyze 
and  examine  the  characteristics  of  the  multiple  output 
agricultural  production  technologies  adopted  by  these  two 
regions  in  Canada  in  anticipation  of  inferring  further 
interregional  dif fences. 


1.4  Objectives 


The  problem,  as  defined  above,  suggests  the 
development  and  implementation  of  a  comprehensive  and 
general  quantitative  model  for  use  in  empirically 
analyzing  interregional  differences  in  the  production 
technology  of  Canadian  agriculture.  As  a  result,  the 
objectives  of  this  thesis  are  as  follows: 


1.  to  review  the  literature  with  respect  to 
duality  in  production  and  functional  forms, 

2.  to  specify  a  model  and  methodology  employing  a 
multiple  output,  multiple  input  cost  function 
which  can  be  implemented  to  determine  the 
degree  of  interregional  variations  in  Canadian 
agr iculture , 

3.  to  examine  the  summary  statistics  of  Canadian 
agriculture  derived  from  the  multiple  output, 
multiple  input  cost  model, 

4.  to  determine  empirically  if  there  exists 
interregional  differences  in  agricultural 
production  technologies, 

5.  to  estimate  the  degree  and  extent  of  the 
interregional  differences  and  attribute  them  to 
the  appropriate  explanatory  factors. 
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In  short,  the  objective  of  this  thesis  is  to  provide 
an  economic  investigation  of  the  multiple  input,  multiple 
output  production  technologies  representative  of  Canadian 
agriculture  at  the  regional  level. 

1.5  Outline 


The  organization  of  this  thesis  is  as  follows.  A 
brief  literature  survey  on  duality  and  functional  forms  in 
the  multiple  input,  multiple  output  case  is  provided  in 
Chapter  2.  Moreover,  the  general  forms  of  the  various 
summary  measures  are  presented.  In  addition,  the  notions 
of  homogeneity,  homotheticity ,  linear  homogeneity, 
economies  of  scope  and  cost  complementarities  in  the 
multiproduct  case  are  discussed. 

In  Chapter  3,  the  regional  multiple  input,  multiple 
output  agriculture  cost  functions  are  specified.  The 
nonhomothe tic ,  joint,  multiple  input,  multiple  output 
translog  cost  function  is  introduced.  Moreover,  the  exact 
functional  forms  of  summary  statistics  to  be  estimated  are 
developed  in  this  chapter  in  conjunction  with  the  exact 
forms  of  the  hypotheses  to  be  tested. 


Chapter  4  presents  the  econometric  aspects  of 


c:  :  >  V 
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estimation  and  tests  the  hypothesis  of  a  general  global 
structure.  Subsequently,  a  maintained  hypothesis  of  a 
particular  global  structure  is  imposed  on  the  production 
technology  for  tractability  such  that  an  interregional 
comparison  can  be  made.  The  estimated  summary  statistics 
and  the  empirical  results  of  various  local  test  are  also 
provided . 

Chapter  5  provides  a  summary  of  the  major  findings  of 
this  thesis.  Moreover,  the  limitations  of  this  study  are 
discussed.  The  conclusions  of  this  study  and  directions 
for  subsequent  analysis  are  also  provided  in  this  chapter. 


}  >3 


CHAPTER  II:  LITERATURE  REVIEW  and  METHODOLOGY 


This  chapter  is  comprised  of  a  selective  literature 
review  of  production  theory.  Section  2.1  examines  the  use 
of  duality  theory  to  estimate  the  characteristics  of  a 
multiple  input,  multiple  output  production  technology. 
The  sufficient  conditions  required  of  the  dual  cost 
function  such  that  it  succinctly  describes  the  production 
technology  are  presented.  In  addition,  the  advantages 
associated  with  use  of  the  dual  approach  are  highlighted. 

In  section  2.2,  restrictions  on  the  general 
production  structure  are  discussed.  In  particular,  the 
notions  of  homothetici ty  and  homogeneity  of  the  production 
structure  and  their  subsequent  effects  on  the  cost 
function  are  discussed. 

In  section  2.3,  the  general  forms  of  various  summary 
measures  such  as  the  Allen-Uzawa  partial  elasticities  of 
substitution,  the  partial  cross  price  elasticities  of 
factor  demands,  the  own  price  elasticities  of  factor 
demands,  the  output  elasticity  of  factor  demands,  and  the 
marginal  rate  of  product  transformation  are  presented. 

A  discussion  of  product-specific  economies  of  scale 
and  overall  economies  of  scale  is  presented  in  section 
2.4.  Furthermore,  a  measure  for  the  existence  of  economies 
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of  scope  is  presented  in  the  context  of  a  multiproduct 
industry. 

Section  2.5  discusses  the  functional  specifications 
of  the  production  technology  in  general.  The 

characteristics  of  flexibility  are  discussed  in  the 
context  of  flexible  functional  (approximating)  forms  and 
generalized  (exact)  forms  in  section  2.6. 

2.1  Duality  Theory 


The  purpose  of  this  section  is  to  provide  a  brief 

description  of  the  duality  between  production  and  cost 

functions  in  order  to  make  this  thesis  self  contained. 

Moreover,  the  pragmatic  and  theoretical  advantages 

associated  with  the  dual  approach  vis-a-vis  the  primal 

2  6 

approach  are  highlighted.  ° 

The  fundamental  principle  of  duality  in  production 
states  if  there  exists  cost  minimization  and  input  price 
taking  behavior  then  the  cost  function  of  a  firm 
summarizes  all  of  the  economically  relevant  aspects  of  its 


26The  presentation  is  given  without  proofs  since  they 
are  easily  found  elsewhere.  A  more  detailed  description 
of  the  dual  approach  to  micro  theory  including  proofs  can 
be  found  in  Shepard  (1970) ,  Uzawa  (1964) ,  McFadden  (1978) , 
Diewert  (1971,  1974b,  1978b,  1982) ,  Fuss  and  McFadden 

(1978) ,  Blackorby ,  Primont  and  Russell  (1978) ,  Nadiri 
(1982),  and  Varian  (1978). 
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technology.  Consequently,  under  the  appropriate 

regularity  conditions,  the  production  technology  utilized 

by  a  firm  or  an  industry  can  be  alternately  and 

equivalently  described  and  analyzed  by  either  the  primal 

function  (production  function  or  the  transformation 

function)  or  the  dual  function  (cost  function  or  profit 
2  8 

function) .  As  a  result,  the  analyst  can  specify  a  well 
behaved  dual  cost  function  without  explicitly  deducing  it 
from  the  primal  function  and  be  assured  it  characterizes 
the  economic  information  of  production  if  and  only  if  the 
cost  function  satisfies  certain  regularity  conditions. 

A  set  of  sufficient  conditions  required  of  a  cost 
function  such  that  there  exists  an  unique  relationship 
between  the  primal  and  dual  functions  is  as  follows.  Let 
the  cost  function  be  represented  by  a  twice  differentiable 
continuous  function  such  as, 

C  =  C(P,Q)  (1) 

where : 

C  represents  total  costs, 

P  is  a  vector  of  input  prices  P^,  P2f««»f  pn,f  and 

^Varian  (1978),  p.38. 

28There  also  exists  a  duality  between  the  derivatives  of 
the  primal  and  dual  functions. 
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Q  is  a  vector  of  outputs  Q^,  Q 2r...,  Qm. 

If  the  multiple  input,  multiple  output  cost  function 
defined  in  (1)  is:29 

1.  positively  linear  homogeneous  in  P  such  that 

C(tP,Q)  =  tC(P,Q) 

for  all  t  >  0,  Q  >  0,  P  >  0 

2.  strictly  positive  for  all  positive  input  prices 
and  every  positive  value  of  Q  such  that 

C(P,Q)  >  0 

for  all  P  >  0,  Q  >  0 

3.  nondecreasing  in  input  prices  such  that 

C(P',Q)  >  C(P,Q) 

for  all  V'  >.  P 

4.  concave  in  input  prices  such  that 

C  ( tP  +  (l-t)P',Q)  > 

tC(P,Q)  +  (1  -  t)  C  (P**  ,Q) 
for  0  _<  t  <_  1 

then  via  the  duality  mapping  the  cost  function  (1) 
represents  a  well  behaved  production  transformation 
function  such  as, 

F(Q,X)  =  0  (2) 

where : 

29See  Varian  (1978),  pp.  39-43  or  Fuss  and  Waverman 
(1978) ,  p.  7. 
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Q  is  a  vector  of  outputs  Qlr  Q2,...,  Qm. 
X  is  a  vector  of  inputs  Xx,  X2,...,  Xn. 


As  a  result,  one  needs  only  to  specify  a  well  behaved  cost 
function  meeting  the  conditions  1  to  4  and  be  assured  it 
represents  the  economic  relevant  information  of  a 
production  technology . 

The  advantages  associated  with  the  use  of  the  cost 
function  as  opposed  to  the  transformation  or  production 
function  are: 


1.  the  cost  function  utilizes  economic  observables 
such  as  input  prices  where  as  the  production 
function  employs  variables  such  as  the 
quantities  of  inputs  which  may  be  difficult  to 
quantify . 31 

2.  empirical  analysis  using  the  cost  function  is 
computationally  simpler  and  allows  one  to  test 
a  wider  range  of  hypotheses.  2 

3.  factor  demands  and/or  cost  share  equations  are 
derived  easily  by  the  use  of  Shephard^s  lemma. 


3  n 

Typically,  the  sufficient  conditions  on  the  cost 
function  for  the  existence  of  the  duality  mapping  are 
shown  in  the  case  of  a  single  output  cost  and  production 
function.  For  an  elaboration  of  the  multiple  input, 
multiple  input  case  see  Lau  (1980) ,  Nadiri  (1982) ,  Denny, 
Fuss  and  Waverman  (1981)  ,  Fuss  (1981)  ,  Fuss  and  Waverman 
(1978),  Panzer  and  Willig  (1981),  McFadden  (1978),  Hall 
(1973)  and  Baumol,  Panzer  and  Willig  (1982). 

31See  Varian  (1978)  or  Intr illigator  (1978)  for  problems 
associated  with  capital  measurement. 

32 


Nadiri  (1982)  p.449. 
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4.  summary  statistics  such  as  the  various 
elasticity  measures  are  easily  calculated  in 
terms  of  the  cost  function  and  its  derivatives. 

5.  the  use  of  the  cost  function  expands  the  set  of 
possible  functional  forms  describing  the 
production  technology  when  the  function  is  not 
a  self  dual. *  3 

6.  one  can  specify  a  well  behaved  cost  function 
under  the  appropriate  regularity  conditions  and 
be  assured  it  represents  some  production 
technology. 34 


Once  the  cost  function  (1)  has  been  specified  such 
that  it  represents  the  economic  information  of  (2)  ,  then 
the  use  of  Shepard^s  lemma  (Shepard,  1958)  allows  one  to 
obtain  the  factor  input  derived  demand  functions, 

=5c(P,Q)/5Pi  =  Xi(P,Q)  i  =  1,  2,  3,...,  n.  (3) 

where : 

represents  the  quantity  demanded  of  the  ith  input 
P^  represents  the  price  per  unit  of  the  ic  input. 

Alternatively,  one  can  derive  the  factor  input  share 
equations , 


33Lau  (1974) ,  p.  185. 

3^With  particular  functional  forms  of  the  transformation 
or  production  function  such  as  the  translog,  it  is 
impossible  to  derive  the  corresponding  deduced  cost 

function. 
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(4) 


where 


S>  represents  the  cost  share  of  the  i^  input  such 

that  Si  =  Pi*Xi/C. 

Thus,  rather  than  specifying  a  functional  form  for 
the  production  function  and  deriving  the  input  demand 
functions  therefrom  ,  one  can  specify  a  cost  function 

directly  which  satisfies  conditions  1  to  4  and  then  apply 
Shephard^s  lemma  to  obtain  the  input  demands  or  the  cost 
share  equations. 

Consequently,  the  use  of  the  input  demand  functions 
or  the  cost  share  equations  allows  one  to  develop 
estimatable  forms  of  certain  summary  measures  which 

succinctly  describes  the  production  technology  of  an 
industry  or  firm.  One  develops  and  estimates  certain 

statistics  such  as  various  elasticity  measures 

conveniently  in  terms  of  the  cost  function  and  its  partial 
derivatives . 

Similarly,  one  can  derive  the  marginal  cost  of 
producing  an  extra  unit  of  any  particular  output  by, 


MCy  =  5c(P,Q)  /  §Qy 


y  =  1,  2,  3 


•  •  •  f  IT) 


(5) 


or  the  output  elasticity  of  total  cost  for  any  particular 
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output  by. 


®cy  <$1°  C(P,Q)  /  ^  In  Qy  y  =  1,  2,  3,  ...,  m.  (6) 

If  the  industry  is  characterized  by  perfect 
competition  and  the  firms  and  industry  are  in  equilibrium, 
then  (6)  becomes  the  revenue  share  of  the  yfc^  output, ^ 

Ry  =  §ln  C(P,Q)/Sln  Qy  y  =  1,  2,  3,  ...,  m.  (7) 

The  system  (1)  ,  (3)  ,  and  (5)  or  (1)  ,  (4)  ,  and  (7) 
constitutes  the  basic  general  full  model  used  to  analyze 
Canadian  agriculture.  The  exact  specification  of  the 
model  employed  is  dependent  of  the  functional 
specification  of  the  cost  function  (1)  .  A  discussion  of 
functional  specification  and  the  exact  model  employed  is 
postponed  to  a  later  section  of  this  thesis. 

Although  economic  theory  provides  little  guidance  in 
choosing  an  appropriate  functional  form  of  (1),  theory 
does  dictate  that  certain  conditions  be  met  such  that  the 
specification  is  consistent  with  production  theory. 
Neoclassical  production  theory  imposes  several 

^See  appendix  A  for  the  proof  of  equation  (7) 
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restrictions  upon  either  of  the  two  general  models  above. 
A  well  behaved  neoclassical  cost  function  must  be 
homogeneous  of  degree  one  in  input  prices.  Linear 
homogeneity  of  the  cost  function  in  P  implies,  by  Euler's 
theorem,  the  following  restrictions:36 

a.  the  adding  up  condition  where  the  sum  of 
all  costs  equal  total  costs  such  that 

rp..X.(P,Q)  =  C(P,Q) 
l 

b.  Cournot's  aggregation  condition  such  that 

^PiSxi(P,Q)/5pj  =  0 

c.  Engel's  aggregation  condition  such  that 

EPi-  Ciy(P,Q)  =  Cy(P,Q) 

d.  Furthermore,  symmetry  according  to 
Young's  theorem  results  in  the  additional 
restriction 

cij  =  cji 

These  restrictions  are  then  translated  into  parameter 
restrictions,  the  exact  form  determined  by  the  functional 
specification  of  the  cost  function. 

2.2  The  Structure  of  the  Production  Technology 


The  cost  function  (1)  is  a  general  nonhomothetic 
joint  cost  function.  Given  a  multiple  input,  multiple 
output  cost  function,  it  is  of  interest  to  examine  whether 
the  underlying  production  structure  is  globally  homothetic 

36Fuss,  McFadden  and  Mundlak  1978,  p.  232 
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or  nonhomothe tic .  A  technology  is  globally  homothetic  in 
output  if  the  cost  minimizing  expansion  path,  given  input 
prices,  is  a  ray  from  the  origin  and  the  slopes  of  the 
isoquants  on  the  expansion  path  are  invariant  to  output 
(Silberberg,  1978).  Denny  and  May  (1978b)  have  identified 
two  economic  properties  of  the  cost  function  which  is  a 
dual  to  a  homothetic  production  technology: 


"First,  the  ratio  of  any  two  factor  demand 
equations  is  independent  of  the  output  level. 
Second,  the  elasticity  of  total  or  average  cost 
with  respect  to  output  is  independent  of  factor 
pr ices . " 


The  production  technology  is  weakly  homothetic  if  the 

first  condition  is  met.  A  weakly  homothetic  production 

technology  is  sufficient  for  linear  expansion  paths  (Denny 

and  May,  1978b)  .  Weak  homotheticity  of  the  production 

structure  implies  input  prices  in  the  dual  cost  function 

are  weakly  separable  from  output  such  that  the  cost 

37 

function  can  be  written  as: 

C  =  G  (P ,  H  (Q)  )  W 


Moreover,  the  production  technology  is  strongly 


37see  Hall  (1973),  p.  890  for  this  specification. 
However,  Hall  (1973)  does  not  use  the  "weak"  terminology. 
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homothetic  if  conditions  one  and  two  are  satisfied. 
According  to  Denny  and  May  (1978b)  ,  if  the  production 
structure  is  strongly  homothetic  then  the  dual  cost 
function  can  be  written  in  multiplicatively  separable  form 
as : 


C  =  G(P) *H (Q)  (9) 

It  is  important  to  test  the  production  structure  for 
homotheticity  and  hence  the  cost  function  for  input  prices 
and  output  separability  for  two  reasons.  First,  the  test 
for  separability  of  input  prices  and  outputs  in  the 
multiple  output  cost  case  is  the  required  test  for  the 
existence  of  a  consistent  output  aggregator  (Fuss  and 
Waverman,  1978) .  Consequently,  if  the  empirical  results 
confirm  separability  of  outputs  from  input  prices  then  one 
can  legitimately  use  the  single  aggregate  output 
specification  of  the  cost  function.  Second,  global 
homotheticity  is  a  necessary  condition  for  global 
homogeneity.  If  the  production  technology  is  not 
homothetic,  then  the  imposed  assumption  of  homogeneity 
will  result  in  a  specification  bias. 

Given  the  production  function  is  globally  homothetic, 
a  production  function  is  homogeneous  of  degree  r  if  when 
all  inputs  are  multiplied  by  a  scalar,  t,  then  output 
increases  by  a  factor  of  tr .  Subsequently  for  the  dual 


' 
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cost  function.  Brown,  Caves  and  Christensen  (1979)  have 
shown  that  homogeneity  of  degree  r  of  the  production 
function  implies  homogeneity  of  degree  1/r  of  the  cost 
function  such  that: 

t1/rC  =  G(P,  H (trY) )  (10) 
for  the  weak  homotheticity  and 

t1//rC  =  G(P)*H(trY)  (11) 
in  the  case  of  strong  homotheticity. 

Homogeneity  of  the  production  structure  indicates 
equal  spacing  of  isoquants  along  a  ray  from  the  origin.  A 
homogeneous  in  output  cost  function  is  homogeneous  of 
degree  one  in  outputs  if  and  only  if  r  =  1  in  the  above 
specification.  This  implies  as  outputs  expand  by  a  given 
proportion,  cost  increase  by  the  same  proportion. 

In  several  production  studies,  linear  homogeneity  of 
the  production  structure  and  hence  of  the  dual  cost 
function  has  been  assumed.  It  is  the  procedure  of  this 
thesis  to  test  the  production  structure  to  determine  if  in 
fact  it  is  homothetic,  homogeneous,  or  the  more  restricted 


linear  homogeneous. 


■'  K 


31 


2.3  Summary  Measures  and  Comparative  Statics  in  General 

Once  the  parameters  of  the  model  have  been  estimated, 
then  one  can  calculate  or  estimate  several  summary  statics 
which  succinctly  summarize  the  behavior  of  the  industry. 
One  can  develop  certain  statistics  such  as  various 
elasticity  measures  conveniently  in  terms  of  the  cost 
function  and  its  partial  derivatives. 

The  Allen  partial  elasticity  of  substitution  (AES) 
measures  the  effect  on  relative  factor  quantities 
resulting  from  a  change  in  relative  factor  prices,  holding 
output  and  other  input  prices  constant  and  allowing  all 
factor  inputs  to  adjust.  Uzawa  (1962)  has  shown  that  the 
partial  elasticity  of  substitution  can  be  represented  in 
terms  of  the  dual  cost  function  and  its  partial 
derivatives  as: 

AUE  =  C  j  /  C^C j  i , j  =  If  2,  3  ,  •  •  •  ,  n.  (12) 


C  represents  the  total  cost  function, 

C-  represents  the  first  partial  derivative  of  C  with 
respect  to  the  price  of  input  X^, 

C-  represents  the  first  partial  derivative  of  C  with 
respect  to  the  price  of  input  X j , 

C. .  represents  the  second  partial  derivative  of  C 
1'Iwith  respect  prices  of  inputs  X^  and  X  ■  . 


where 


. 

. 
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Uzawa  (1962)  proved  the  AES^j  derived  from  the  primal  side 
is  equivalent  to  AUES  —  derived  from  the  dual  cost 
function  in  the  case  where  the  production  function  is 
homogeneous  of  degree  one.  Binswanger  (1974b)  showed  the 
two  are  equivalent  regardless  of  the  degree  of  homogeneity 
on  the  production  function. 

The  sign  of  any  Allen-Uzawa  partial  elasticity  of 
factor  substitution  allows  one  to  classify  factor  inputs  i 
and  j  in  the  following  manner: 

1.  If  AUES^j  >  0  then  inputs  i  and  j  are 

substitutes  in  production. 

2.  If  AUES^j  <  0  then  inputs  i  and  j  are 

complements  in  production. 

3.  If  AUES^j  =  0  then  inputs  i  and  j  are 

independent. 

The  partial  cross  price  elasticities  of  factor 
demands  by  definition  measures  the  responsiveness  of  the 
demand  for  one  input  as  a  result  of  a  price  change  in 
another  input  holding  output  constant.  The  partial  cross 
price  elasticity  of  factor  demands  is  conventionally 
defined  as. 


((Sxj/SPj)  •  (Pj/X^ 


f  •  •  •  f  n  • 


(13) 


i.  u 

and  measures  the  responsiveness  of  the  demand  for  the  i1* 
input  to  a  change  in  the  price  of  the  input. 
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In  terms  of  the  cost  function  and  it^s  partial 
derivatives ,  the  partial  cross  price  elasticity  of  factor 
demands  can  be  expressed  as: 


13 


=  (C  •  • 

v  13 


P3} 


/  C. 


j  =  1 


(14) 


It  has  been  shown  that  E  —  and  AUES  —  are  related 

by:38 

Ejij  =  AUES  —  Sj  i,  j  =  1,  2,  3,...,  n.  (15) 

where : 

AUES  —  is  defined  in  (12) , 

Sj  is  the  cost  share  of  the  input  j  defined  by  (4) . 

Therefore,  the  analyst  can  estimate  either  E  —  or 

AUES^j  and  infer  the  other  with  the  use  of  the  appropriate 

share  equation  or  vice-versa.  It  is  clear  from  (15) ,  the 

sign  of  AUES  —  uniquely  determines  the  sign  of  E  —  since  0 

J  ■*"  J 

<  <  1.  As  a  result,  one  can  classify  any  pair  of 

factor  inputs  by  the  following: 


1.  E-. 
sut 

>  0  <==> 
istitutes , 

AUESi j  >  0 

==>  i  and 

j  are 

2.  Ei. 
cof 

<  o  <==> 

implements , 

AUES—  <  0 

==>  i  and 

j  are 

38Allen  (1938)  originally  showed  (15)  was  true  using 
AES. 


I  A-w 
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3.  =  0  <==>  AUESi  • 

independent,  J 


0  ==>  i  and  j  are 


Similarly,  the  partial  own  price  elasticity  for  the 
t  h  ^ 

i  factor  demand  measures  the  responsiveness  of  the  i^^1 
factor  demand  to  changes  in  its  own  price. 
Conventionally,  the  partial  own  price  elasticity  of  factor 
demand  is  expressed  as: 


Eii  =  (Sxi/Spi) • (Pi/xi) 


i  =  1 


t  •  • 


n 


(16) 


Using  the  dual  cost  function  and  its  partial 

derivatives,  the  partial  own  price  elasticity  of  the  it}l 
input  can  be  alternatively  expressed  as: 

Eii  =  <cii  pi>/ci  i  =  1,  2,  3,...,  n.  (17) 


The  partial  own  price  elasticity  of  factor  demands 
will  have  a  negative  sign  which  indicates  a  downward 
sloping  to  the  right  input  demand  curve.  The  magnitude  of 
the  own  price  elasticity  for  any  factor  input  allows  one 
to  classify  the  input  into  one  of  the  following 
categories : 

1.  If  E  -  •  =  0,  then  the  demand  for  the  ith  input 

is  perfectly  inelastic. 

2.  If  -1  <  E^j  <  0,  then  the  demand  for  the  ith 
input  is  relatively  inelastic. 
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3.  If  =  -If  then  the  demand  for  the  input 

is  unitary  elastic. 

4.  If  E—  <  -1,  then  the  demand  for  the  ith  input 
is  relatively  elastic. 

5.  If  E^ - >  -  oo  ,  then  the  demand  for  the  ifc^ 

input  is  infinitely  elastic. 

The  Allen-Uzawa  partial  elasticity  of  substitution 
and  the  partial  cross  price  and  own  price  elasticities  of 
factor  demands  evaluate  economic  phenomena  holding  output 
constant.  A  measure  which  explicitly  considers  the  effect 
on  factor  demands  as  a  result  of  a  change  in  output  is 
called  the  output  elasticity  of  factor  demand.  The  output 
elasticity  of  factor  demand  E^y  measures  the 
responsiveness  of  factor  demands  to  a  change  in  output. 
In  the  multiple  output  case,  the  output  elasticity  of  the 
i ^  factor  demand  calculated  from  the  primal  side  can  be 
expressed  as: 

Eiy  =  (<^X^/<SQy)  ’  (Qy/X^ )  i  =  1  r  2,  3,...,  n.  (18) 

y  =  1/  2  f  3  ,  .  •  .  ,  in* 


In  terms  of  the  dual  cost  function  the  output  elasticity 
of  the  i*1*1  factor  demand  can  be  expressed  as: 


E 


iy 


c . 

iy 


*Qy/Ci 


i  =  1,  2,  3,...,  n.  (19) 
y  =  If  2  f  3  f  • • • f  m  • 


•  • 


' 
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where : 

ciy  =  52c/5p^Qy, 
ci  = 

Since  Qy  and  will  be  positive,  the  sign  of  the  output 

elasticity  of  factor  demand  depends  on  the  sign  of 

One  can  classify  each  factor  of  production  according  to 

the  sign  and  magnitude  of  in  one  of  the  following 

39 

ways  : 

1.  If  >  1  then  the  ifc^  input  is  superior. 

2.  If  0  <  E^y  <  1  then  the  i^  input  is  normal. 

3.  If  E^y  <  0  then  the  i^  input  is  inferior. 

A  superior  input  by  definition  indicates  as  outputs 

expands  proportionately  input  use  of  a  particular  factor 
of  production  increases  by  a  greater  proportion. 
Alternatively,  an  inferior  input  reflects  a  decrease  in 
the  proportion  of  use  in  the  input  given  a  proportional 
increase  in  output.  Finally,  a  normal  input  suggests  as 
output  increases  by  a  given  proportion  the  use  of  the  ifc^ 
input  increases  by  less  than  proportionally. 


39Gould  and  Ferguson  (1980)  ,  p.  167  use  this  terminology 
but  in  reference  to  expenditure  elasticity  of  factor 
demands . 

40Lopez  and  Tung  (1982)  use  Eiy  and  the  terminology  of 
superior,  normal  and  inferior  inputs. 
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In  addition  to  the  above  elasticities  measures,  one 
can  examine  the  production  tradeoff  in  a  multiple  output 
technology  as  represented  by  a  transformation  curve.  The 
marginal  rate  of  transformation  of  output  y  for  output  r 
shows  the  number  of  units  of  y  which  must  be  given  up  in 
order  to  produce  an  extra  unit  of  output  r.  Employing  a 
cost  function  the  marginal  rate  of  tranformation  of  output 
y  for  output  r  can  be  expressed  as:4^ 

MRTyr  =  (Sc/SQr)  /  (Sc/SQy)  (20) 


2.4  Economies  of  Scale  and  Economies  of  Scope 


Recent  literature  examining  a  multiproduct  cost 
function  have  identified  various  effects  on  the  cost 
function  as  a  result  of  a  change  in  output  (s)  or  the 
product  mix.  Given  a  multiple  input,  multiple  output  cost 
function,  one  can  test  for  product-specific  economies  of 
scale,  overall  economies  of  scale,  and  economies  of 


41See  Darrough  and  Heineke  (1978)  and  Denny  and  Pinto 
(1978)  who  estimated  the  marginal  rate  of  product 
transformation. 


' 
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4  2 

scope.  This  analysis  can  be  readily  adapted  to  examine 
the  cost/output  effects  in  an  industry  such  as 
agr iculture . 

Given  a  multiproduct  cost  function,  product-specific 
scale  economies  examine  how  costs  change  as  the  output  of 
one  product  changes  holding  the  level  of  other  outputs 

A  O 

fixed.  Suppose  the  multi-output  cost  function  is  given 
by  the  hypersurface  as  in  Figure  1.  The  vertical  axis  C 
represents  total  costs.  Axis  labelled  Qy  and  Qr 
represents  output  levels  of  product  y  and  product  r, 
respectively.  It  then  follows,  any  point  on  the 
hypersurface  ODF  represents  the  total  cost  of  producing  a 
particular  combination  of  Qy  and  Qr .  As  an  example,  the 
cost  of  producing  Q  "  and  Qr”  together  is  represented  by 
the  vertical  distance  NM.  Product-specific  scale 
economies  for  Qy  analyzes  the  responsiveness  of  costs 
along  AM  as  Qy  is  increased  holding  Qr  constant  at  Qr". 
Similarily,  product-specific  scale  economies  for  Qr 
measures  the  responsiveness  of  costs  along  BM  as  Qr  is 
increased  holding  Qy  constant  at  Qy". 


42For  an  excellent  survey  see  Bailey  and  Friedlander 
(1982) .  In  addition,  see  Baumol,  Panzer  and  Willig 
(1982)  ,  Fuss  and  Waverman  (1978)  ,  Gillen  and  Oum  (1983)  , 
Nadiri  (1982),  and  Panzer  and  Willig  (1977,  1981). 

42Bailey  and  Friedlander  (1982) ,  p.  1030. 


* 
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Figure  1 
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Global  product-specific  economies  of  scale  for  Q 
measures  the  responsiveness  of  cost  as  Qy  is  increased 
along  AM  from  A  where  Qy  =  0  to  M  where  Qy  =  Q  "  .  Baumol, 
Panzer  and  Willig  (1982)  define  the  degree  of 
product-specific  economies  of  scale  for  the  r^  product  in 
the  two  product  case  as:^ 

SEr  =  ICr/QrCr  (21) 

where 

ICr  =  C(Qy,  Qr)  -  C(Qy,  0) 

Cr  =  Sc/S  Qr 

According  to  Baumol,  Panzer  and  Willig  (1982)  ICr  is 
the  incremental  cost  of  the  product  r  which  by  definition 
shows  the  addition  in  total  costs  as  a  result  of  producing 
all  products  together  compared  to  producing  all  products 
excluding  r.  Furthermore,  ICr/Qr  is  defined  as  the  average 
incremental  cost  of  the  rtn  product  and  Cr  is  the  marginal 
cost  of  producing  r.  Therefore,  the  degree  of 
product-specific  economies  of  scale  is  the  average 
incremental  cost  of  product  r  divided  by  the  marginal  cost 


^4The  literature  on  scale  and  scope  typically  suppresses 
the  input  price  vector  for  expostional  simplicity.  The 
notation  used  in  this  section  follows  this  approach. 

^5See  Baumol,  Panzer  and  Willig  (1982),  p.  68. 
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A  local  measure  of  product-specific  economies  of 
scale  can  be  represent  by  the  output  cost  elasticity  of 
the  rfc“  product  defined  by: 

Sin  C/5ln  Qr  =  (Qr/C)  '  (Sc/SQr)  (22) 


However,  Fuss  and  Waverman  (1978)  have  shown  that  the  use 
of  the  local  measure  of  product-specific  economies  may 
lead  to  a  conflict  with  the  overall  returns  to  scale 
definition. 

Overall  scale  economies  measures  the  responsiveness 
of  costs  as  a  result  of  a  change  in  all  outputs.  More 
specifically,  ray  overall  economies  of  scale  measures  the 
responsiveness  of  costs  as  a  result  of  expanding  all 
outputs  by  an  equal  proportion  along  a  ray  from  the  origin 
such  that  the  output  mix  is  assumed  to  be  constant  (Bailey 
and  Fr iedlaender ,  1982). 

In  Figure  2,  the  expansion  of  outputs  occurs  along 
the  ray  OR  such  that  the  compos i ton  of  output  Qy/Qr  is 
constant.  Overall  scale  economies  measures  the 
responsiveness  of  costs  along  OM  as  output  is  changed 
along  OR. 

A  global  test  for  overall  economies  of  scale  would 
examine  the  change  in  costs  measured  along  OM  as  a  result 


ij  Sl**  rrwori  •; 
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Figure  2 
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of  output  expanding  along  the  ray  from  0  to  R.  The  global 
test  for  overall  economies  of  scale  was  discussed  in  the 
section  discussing  the  structure  of  the  production 
technology. 

Local  overall  economies  of  scale  examines  the 
responsiveness  of  costs  as  a  result  of  expanding  the 
output  bundle  by  relatively  small  amounts  in  the 
neighborhood  of  some  arbitrary  point  assuming  the  output 
mix  is  unchanged  and  may  be  measured  by: 

ES  =  (£<$ln  C  /  Sin  Q  )  "1  y  =  1,  2,  3,...,  m.(23) 

r  y 

One  can  determine  whether  the  agriculture  industry  is 
an  overall  increasing,  decreasing  or  constant  cost 

industry  by  examining  overall  economies  of  scale  in  the 
following  manner: 

1.  If  ES  >  1,  then  overall  economies  of  scale 

exists  which  reflects  an  overall  decreasing 

cost  industry. 

2.  If  ES  <  1,  then  overall  diseconomies  of  scale 

exists  which  reflects  an  overall  increasing 

cost  industry. 

3.  If  ES  =  1,  then  there  is  neither  economies  nor 
diseconomies  of  scale  which  reflects  a  constant 
cost  industry. 

By  definition,  product-specific  scale  economies 
measures  the  responsiveness  of  costs  as  a  result  of 


i 

’ 


' 
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increasing  one  output  while  holding  the  level  of  all  other 
outputs  constant.  This  necessarily  implies  the  measures 
reflects  an  nonoptimal  change  in  the  output  mix  such  that 
the  output  ratio,  Qy/Qr t  is  changing. 

A  new  concept  and  measure  has  been  developed  to 
analyze  the  effects  of  a  change  in  the  output  mix  on  total 
costs.  Economies  of  scope  compares  the  cost  of  producing 
a  number  of  products  jointly  as  opposed  to  the  cost  of 
producing  them  separately.  In  the  two  product  case,  there 
are  economies  of  scope  when  its  less  costly  to  produce  two 
products  together  than  produce  the  two  products  separately 
(Panzer  and  Willig,  1981).  In  Figure  1,  economies  of 
scope  exist  if  the  cost  of  producing  Qy"  and  Qr"  jointly 
measured  by  the  vertical  distance  NM  is  less  than  the  cost 
of  producing  Q  "  measured  by  the  vertical  distance  Qy"B 
plus  the  cost  of  producing  Qr"  measured  by  QrnA, 
separately. 

Following  Panzer  and  Willig  (1981)  ,4^  global 
economies  of  scope  is  said  to  exist  in  the  two  product 
case  when  following  condition  holds: 

C(Qy,Qr)  <  C(Qy,0)  +  C(0,Qr)  (24) 


46A1so  see  Baumol,  Panzer  and  Willig  (1982) ,  Bailey  and 
Friedlaender  (1982)  ,  and  Nadiri  (1982)  • 
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Baumol ,  Panzer  and  Willig  (1982)  define  the  degree  of 

t 

economies  of  scope  in  the  two  product  case  as: 

SCOPE  =  (C(Qy,0)+C(0fQr)-C(Qy/Qr) )/C(Qy,Qr)  (25) 

If  SCOPE  <  0,  then  there  are  economies  of  scope  which 
means  there  is  a  cost  saving  from  producing  the  products 
jointly.  If  SCOPE  >  0f  then  there  are  no  economies  of 
scope  which  indicates  there  are  additional  costs  from 
joint  production.  Finally,  if  SCOPE  =  0,  then  there  are 
no  additional  costs  or  cost  savings  associated  with  joint 
production. 

A  test  for  the  existence  of  local  economies  of  scope 
involves  the  notion  of  cost  complementarities.  According 
to  Baumol,  Panzer  and  Willig  (1982)  a  twice  differentiable 
multiproduct  cost  function  exhibits  weak  cost 

A  7 

complementarities  if: 

52C(Q)/<5Qy5Qr  <  0  (26) 


47See  Baumol,  Panzer  and  Willig  (1982),  p.  75, 
Definition  4B3 . 
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Weak  cost  complementarities  are  a  sufficient  condition  for 

48 

economies  of  scope. 

One  would  expect  at  the  micro  level,  there  may  exist 

economies  of  scope  for  mixed  farming  operations  since  the 

production  of  say  livestock  and  feed  use  sharable 
.  49 

inputs.  However,  at  the  aggregate  level  given  the 
diverse  nature  of  aggregated  outputs,  one  would  expect  the 
existence  of  economies  of  scope  for  Canadian  agriculture 
to  be  highly  unlikely. 

2.5  Functional  Specification 


Given  the  results  of  section  2.1,  it  is  clear  that 
under  certain  circumstances,  the  economist  may  employ 
either  the  cost  function  or  production  function  to 
equivalently  and  alternatively  describe  the  technology  of 
the  firm.  However,  regardless  of  which  approach  is 
utilized,  the  econometrician,  in  order  to  empirically 
implement  the  analysis,  must  specify  an  explicit 
parametric  functional  form  for  either  of  the 

^®Baumol,  Panzer  and  Willig  (1982),  p.  74,  Proposition 
4B1. 

^Baumol,  Panzer  and  Willig  (1982)  point  out  that  the 
joint  use  of  a  factor  of  production  to  produce  several 
products  (sharable  inputs)  will  lead  to  economies  of 
scope . 


. 


. 
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aforementioned  functions . ^ r ^  The  purpose  of  this  section 
is  to  provide  a  brief  discussion  of  functional 
specification. 

The  choice  of  an  explicit  parametric  specification 
should  be  guided  by  the  "true"  underlying  production 
technology  inferred  from  observation  and  economic  theory. 
Ideally,  the  analyst  would  like  economic  theory  and  a  set 
of  data  to  determine  the  correct  specification  of  the 
mathematical  estimated  form.  The  employment  of  this 
correct  specification  in  conjunction  with  another  set  of 
data  drawn  from  the  same  population  would  then  be  used  for 

c  p 

the  estimation  of  the  parameters  of  this  specification. 

Consequently,  a  series  of  summary  measures  would  then  be 
calculated  or  estimated  supplemented  by  a  sequence  of 


50Non-parametr ic  approaches  to  the  study  of  production 
have  recieved  some  attention  in  economics.  However,  these 
methods  have  been  exploited  less  systematically  vis-a-vis 
parametric  specification. 

^Alternatively ,  one  may  specify  a  functional  form  for 
the  derived  input  demand  equations  or  various  elasticity 
measures  and  then  integrate  to  determine  the  specification 
of  the  production  function  or  cost  function. 

52Theil  (1978) ,  p.  273  states, 

"When  the  observations  are  plentiful,  a  sensible 
approach  is  to  divide  them  into  three  parts.  One 
set  of  observations  should  be  used  for  the 
specification  of  the  mathematical  form  of  the 
relation.  The  second  set  should  be  used  for  the 
estimation  of  the  parameters  of  this 
specification,  and  the  third  for  predictions  based 
on  the  estimated  equation  to  verify  whether  the 
specification  selected  is  acceptable." 
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hypothesis  testing.  Therefore,  the  parameter  estimates, 
the  summary  measures  and  the  hypothesis  testing  would  be 
generated  by  the  set  of  observations  and  the  true 
specification. 

Unfortunately,  problems  with  "impure"  and  limited 
data  introduces  elements  of  functional  obscurity  and 
ambiguity.  Furthermore,  economic  theory  gives  little 
guidance  with  respect  to  a  choice  of  an  appropriate 
specification.  Theory,  typically,  suggests  general  causal 
relationships  such  as  in  the  present  context  that  the  cost 
function  is  a  function  of  input  prices  and  levels  of 
output.  However,  theory  does  not  indicate  whether  the 
function  is  linear,  logarithmic,  multiplicatitive , 
quadratic,  polynomial  or  a  more  complicated  mixed  form. 
Dhyrmes  et  al.  (1972)  has  stated: 


"Economic  theory  gives  preciously  few  clues 
as  to  the  functional  forms  appropriate  to  the 
specification  of  economic  relationships,  and  the 
presence  of  random  error  terms  in  stochastically 
specified  equations  adds  an  additional  element  of 
functional  ambiguity." 


Accordingly,  economists  generally  have  either 
arbitrarily  specified,  a  priori,  an  explicit  functional 
form  and  treated  this  specification  as  a  maintained 
(untested)  hypothesis,  or  have  utilized  various 
statistical  techniques  to  discriminate  between  alternate 
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model  specifications.33  ^  cursory  examination  of  the 
empirical  literature  indicates  the  former  approach  has 
been  more  often  employed  than  the  latter. 

In  this  case,  the  maintained  hypothesis  of  an  ad  hoc 

functional  specification,  in  part,  influences,  conditions 

and  predetermines  the  parameter  estimates  and  hence  the 

summary  measures.  If  the  ad  hoc  specification  is 

inconsistent  with  the  true  underlying  function,  then  a 

specification  error  would  have  been  introduced  and  the 

analysis  and  the  subsequent  policy  recommendations 

formulated  by  the  numerical  estimates  may  be  misleading. 

_  54 

Kmenta  (1971)  has  tersely  stated: 


"...by  relying  on  the  assumptions  contained 
in  the  maintained  hypotheses,  we  get  results  that 
are  strictly  conditional  on  these  assumptions  and 
do  not  hold  without  them.  This  elementary  fact 
seems  to  be  frequently  forgotten  in  applied 
econometric  research." 


Moreover,  specific  hypothesis  testing  in  empirical 
analysis  depends  on  the  validity  of  both  the  maintained 
hypothesis  and  the  hypothesis  under  examination.  Fuss, 


53See  Theil  (1971,  1978)  for  a  summary  of  model 

discrimination  techniques. 

3^See  Kmenta  (1971)  ,  p.  136. 


■ 
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McFadden,  and  Mundlak  (1978)  states:55 


"...a  test  performed  in  the  presence  of  an 
implausible  maintained  hypothesis  may  not  be 
convincing,  the  results  may  be  a  consequence  of 
the  validity  of  the  maintained  hypotheses  rather 
than  of  the  primary  hypothesis  in  which  one  is 
interested . " 


In  light  of  these  arguments,  particular  attention 
must  be  allocated  to  the  choice  of  a  function 
specification.  In  order  to  circumvent  problems  associated 
with  the  arbitrary  specification  of  a  specific  functional 
form,  the  analyst  seeking  "proper"  parameter  estimates  may 
use  methods  to: 

1.  discriminate  among  alternative  feasible 
specifications  which  are  non-nested, 

2.  discriminate  among  models  which  are  nested  in 
some  generalized  form  or 

3.  approximate  the  "true"  unknown  function. 

Recent  literature  seeking  to  analyze  production 
technologies  via  the  use  of  the  primal  or  dual  approach 
have  popularly  used  either  approximating  analysis  or  the 
generalized  form  approach.5^  In  general  both  techniques 

55Fuss,  McFadden,  and  Mundlak  (1978) ,  p.  223. 

^^Approximating  analysis  and  the  generalized  form 
approach  has  also  been  used  in  terms  of  the  theory  of 
demand  and  the  consumer . 
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use  fewer  maintained  hypothesis  than  previous  production 
studies  and  allowed  for  "flexibility"  in  modeling 
technology. 


2.6  Flexible  Functional  Forms 

A  functional  form  characterized  by  flexibility  may  be 
defined  as  a  parametric  representation  of  a  function 
which : 


1.  does  not,  a  priori,  constrain  the  parameter 
estimates  and  therefore  the  various  summary 
measures  beyond  the  confines  imposed  by 
neoclassical  theory, 

2.  allows  certain  structural  hypothesis  such  as 
separability  for  example  to  be  testable  rather 
than  constituting  them  as  a  part  of  the 
maintained  hypothesis, 

3.  expands  the  set  of  feasible  alternative 
descriptions  of  technology  which  is  possibly 
consistent  with  the  true  underlying 
specification. 


The  characteristic  of  flexibility  allows  one  to 
minimize  the  number  of  explicit  and  implicit  maintained 
hypotheses  in  comparison  to  the  number  that  were 
heretofore  necessary.  Two  common  methods  of  deriving 
functional  forms  which  possess  the  flexibility 
characteristic  are  approximating  analysis  and 
generalization  of  form.  These  two  methods  of  generating 


. 
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flexible  characteristics  need  not  be  mutually  exclusive. 

An  approximating  form  may  be  viewed  as  a  parametric 
approximation  of  an  arbitrary  or  true  function  where  in 
fact  the  true  function  is  unknown.  The  most  popular  type 
of  approximation  is  the  approximation  of  the  second  order. 
However,  Lau  (1974)  has  identified  at  least  two  different 
definitions  of  an  second  order  approximation. 


Following  Lau  (1974),  suppose  F(X)  is  the  true 
specification  of  some  production  technology  then  Z(X)  is  a 
second  order  differential  approximation  if  the  image  of 
Z  (X)  and  its  first  and  second  order  derivatives  evaluated 
at  a  point  such  as  Xq  is  equal  to  the  image,  and  the  first 
and  second  order  derivatives  of  the  function  being 
approximated.  Contrarily,  Z(X)  is  a  second  order 

numerical  approximation  to  F(X)  if  Z(X)  =  F(X)  evaluated 
at  a  point  such  as  Xq  and  for  deviations  of  X  from  Xq 
where  the  deviations  between  the  approximating  and  true 
function  is  bounded  by  higher  order  terms. 


These  approximating  functions  have  been  referred  to 
as  flexible  functional  forms.  A  Taylor  series  expansion  of 
the  second  order  at  an  arbitrary  evaluation  point  is  a 
second  order  differential  approximation.  The  quadratic, 
generalized  Leontief  (Diewer t , 1971) ,  generalized  quadratic 
of  the  mean  order  r  (Denny,  1974)  ,  the  translog  function 

1973)  ,  and  the 


(Christensen, 


Jorgenson  and  Lau, 
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generalized  Box-Cox  (Berndt  and  Khaled,  1979)  are  examples 
of  flexible  functional  forms  having  the  Taylor  series 
interpretation  .  The  generalized  Cobb-Douglas  (Diewert, 
1973)  and  the  mean  order  of  two  (Diewert,  1974a)  are 
flexible  functional  forms  which  do  not  have  the  Taylor 
series  interpretation.  The  former  approach  to  functional 
specification  has  been  much  more  popular  than  the  latter. 

If  one  uses  a  flexible  functional  form  with  the 
Taylor  series  interpretation  then  the  properties  of  the 
true  function  which  are  preserved  only  hold  at  the  point 
of  approximation  or  evaluation.  Nonetheless,  the  use  of 
flexible  functional  forms  allows  one  to  test  particular 
hypotheses  which  were  previously  maintained  such  as 
separability . 

Alternatively,  the  analyst  can  expand  the  feasible 
set  of  alternative  functional  specifications  and 
incorporate  the  characteristic  of  flexibility  by  utilizing 
generalized  forms.  A  generalized  form  is  a  parametric 
specification  of  some  given  form  such  that  the  generalized 
form  contains  the  given  form  as  a  subset.  Suppose  F(X)  is 
some  given  form,  then  G(F(X))  is  a  generalized  form  such 
that,  depending  on  the  values  of  the  parameters  in 
G (F (X) ) ,  it  will  collapse  into  F(X). 

Generalized  forms  can  be  derived  by  numerous  methods 
such  as  the  introduction  of  additional  parameters  or  the 
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transformation  of  variables.  As  an  example,  suppose  one 
is  given  a  Cobb-Douglas  form  of  a  production  function  with 
a  single  output  y  and  inputs  labor  (L)  and  capital  (K) 
such  as: 

Y  =  ALalKak  (27) 

or 

lny  =  a  +  a1lnL  +  a^lnK 


One  can  generalized  the  Cobb-Douglas  form  of  (27)  to:57 

a.  the  CES  production  function  of  the  form  as: 
y  =  A{aiI.'B  +  (1  -  ai)K-B}_1/B 

b.  the  transcendental  production  function  of  the  form: 

*  * 

In  y  =  a  +  a^lnL  +  a^lnK  +  a L  +  a^  K 

c.  the  Zellner-Revankar  production  function  of  the  form: 

In  y  +  cy  =  a  +  a^lnL  +  a^lnK 

d.  the  Nerlove-Rings tad  production  function  of  the  form: 
(1  +  clny)  lny  =  a  +  a-^lnL  +  a^lnK 

e.  the  translog  production  function  of  the  form: 
lny  =  a  +  a-^lnL  +  a^lnK  +  a-^lnLlnK 


57See  Intriligator  (1978)  and  Nadiri  (1982)  for  a 
similar  listing. 
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+  bx ( InL) 2  +  bk (InK) 2 

f.  generalizations  of  the  CES  function  such  as  the  VES 

g.  generalizations  of  the  translog  such  as  the  hybrid 
translog 

h.  the  classical  Box— Cox  production  function  where  only 
the  dependent  variables  are  transformed 

i.  the  Box-Tidwell  production  function  where  only  the 
independent  variables  are  transformed 

j.  the  extended  Box-Cox  production  function  where  all 
variables  are  transformed  by  the  same  power 

h.  the  generalized  Box-Cox  production  function  where 
all  variables  are  transformed  by  different  powers. 

Depending  on  the  particular  values  of  the  above  functions 
the  Cobb-Douglas  may  be  obtained. 

One  can  clearly  observe  the  translog  function  and  the 
generalized  Box-Cox  may  be  viewed  as  either  an 
approximating  function  or  a  generalized  function.  If  the 
translog  function  is  treated  as  an  approximating  function 
then  the  parameter  estimates  obtained  only  hold  at  the 
point  of  evaluation.  Furthermore,  valid  hypothesis 
testing  can  only  be  done  at  the  point  of  evaluation. 
Questions  arise  as  to  what  characteristics  of  the  true 
function  are  captured  by  the  approximating  function  other 
than  the  preservation  of  the  equality  of  the  image,  the 
first  and  second  order  derivatives  at  the  point  of 
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approximation. 

If  one  treats  the  translog  function  as  a  generalized 
function  then  the  analyst  is  treating  the  translog 
specification  as  an  exact  function  such  that  the  true 
underlying  structure  is  in  fact  translog.  This 
interpretation  may  lead  to  a  specification  error 
particularly  if  the  level  of  generalization  is  relatively 
low. 


The  distinction  between  the  approximating  and  exact 

interpretation  of  a  functional  form  such  as  the  translog 

is  important  since  the  approximation  to  a  separable 

5  8 

function  need  not  be  separable.  Several  studies  have 
typically  used  a  flexible  functional  form  stating  its 
virtues  as  a  second  order  approximation  to  an  twice 
differentiable  arbitrary  function  and  then  treated  the 
function  as  an  exact  one  employing  it  as  a  generalized 
function.  ^  Guilkey  and  Lovell  (1978)  have  stated:^ 

"...these  forms  have  been  used  to  represent 
preferences  and  technology  in  two  different  ways. 

~*®See  Blackorby,  Primont  and  Russell  (1978),  p.  297. 
59Ibid. 

60For  others  who  make  the  distinction  between  exact  and 
approximating  functions  see  Burgess  (1975) ,  Blackorby, 
Primont  and  Russell  (1974)  ,  Denny  and  Fuss  (1977)  ,  and  Lau 
(1974)  for  example. 
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One  approach  ...treats  these  forms  as  second  order 
local  approximations  to  arbitrary  twice 
differentiable  functions  that  themselves 
represents  preferences  or  technology.  ...the 
alternative  approach  of  treating  flexible  forms  as 
exact  representations  of  the  structure  of 
preferences  or  technology." 


In  order  to  be  consistent,  the  analyst  should  treat 
whatever  functional  form  that  is  employed  as  either  an 
approximating  or  exact  form.  However,  if  one  is  concerned 
with  the  global  properties  of  a  production  technology, 
then  the  analyst  should  not  use  the  flexible  functional 
form  as  an  approximating  form.  Since  the  author  is 
interested  in  both  the  global  and  local  properties  of  the 
production  technology,  the  perspective  of  this  thesis  will 
be  to  view  whatever  functional  form  is  employed  as  an 
approximating  function  in  most  cases  and  as  an  exact 
function  when  global  tests  are  conducted.  Moreover,  in 
order  to  avoid  confusion  on  the  part  of  the  reader,  it 
will  be  clearly  stated  what  interpretation  of  the 
functional  form  is  being  used 
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CHAPTER  Ills  THE  MODEL 


This  chapter  develops  the  specific  model  which  will 
be  used  to  estimate  the  production  technology  of  Canadian 
agriculture.  Section  3.1  introduces  the  the  nonhomothetic 
joint  multiple  output,  multiple  input  translog  cost 
function.  The  cost  share  and  revenue  share  equations  are 
also  presented. 

Section  3.2  develops  several  alternative  sets  of 
hypotheses  which  will  be  used  to  test  the  global 
properties  of  the  production  structure  of  Canadian 
agriculture.  Restrictions  for  two  types  of  global 
homothetici ty ,  three  alternative  versions  of  homogeneity 
and  four  alternative  specifications  of  global  linear 
homogeneity  are  presented. 

The  functional  form  of  the  various  elasticities  are 
presented  in  Section  3.3.  Given  the  multiproduct  translog 
cost  function,  the  formulae  for  the  Allen-Uzawa  partial 
elasticity  of  factor  substitution,  the  partial  cross  price 
and  own  price  elasticities  of  factor  demands,  the  output 
elasticities  of  factor  demands  and  the  marginal  rate  of 
product  transformation  are  presented. 

Finally,  section  3.4  presents  the  tests  and  measures 
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for  overall  economies  of  scale  and  economies  of  scope, 
given  the  translog  multiple  input,  multiple  output  cost 
function. 


3.1  The  Multiple  Input,  Multiple  Output  Translog  Cost 

Function 


In  order  to  empirically  implement  the  analysis  of  the 
preceding  chapter,  one  requires  a  functional  specification 
of  the  cost  function.  The  functional  form  should  be 
sufficiently  flexible  to  allow  the  analyst  to  test  various 
hypotheses  econometr ically  without  imposing  unduly 
necessary  restriction  upon  the  structure  of  the  production 
technology  in  question. 

Treating  the  functional  specification  of  the  cost 
function  as  a  second  order  Taylor  series  expansion,  the 
multiple  input,  multiple  output  agriculture  cost  function 
may  be  written  in  the  translog  form.  It  is  assumed  the 
eastern  and  western  Canadian  agriculture  sectors  can  be 
represented  by  regional  multiple  output,  multiple  input 


...  j  -  ;i  :■  3'  ■  NT--'  *«•»«••» 


60 


cost  function  of  the  translog  form61  as: 


In  C(P,Y)  = 


a0  +  5^ai  ln  pi  +  1/2Il^bij  ln  pi  InPj 
+  £qy  in  Qy  +  l/2££qyr  in  Qy  ln  Qr 
+££giy  m  Pi  In  Q 


(1) 


where : 


if  3  if  2 , . . . ,  n 
y f  r  If  2 r . . . ,  m 


The  imposition  of  symmetry  requires: 


Id  •  •  ™  Id  •  • 

ID  D 1 

for  all  i 

and  j,  i  f  j 

*< 

ii 

n 

for  all  r 

and  y,  y  ^  r 

Homogeneity  of 

degree 

one  in 

input  prices  and 

symmetry  requires 

the 

following 

within  equation 

restrictions  on  (1)  : 

In  = 1 

• 

if  D  =  If 

2,...,  n. 

b  •  •  =  b  .  .  = 
ID  D 1 

0 

and  i  f  j 

&iy  =  0 

y  =  1  f  2 , . 

•  •  f  in  • 

61 

An  alternative  formulation  of  the  cost  function  is  of 
the  hybrid  translog  form  where  the  output  variables  are 
transformed  by  the  Box-Cox  metric.  Although  this 
specification  has  become  widely  used,  particularly  in  the 
regulation  literature,  it  could  not  be  employed  in  the 
present  study  due  to  the  much  higher  cost  of  the 
estimation,  the  lack  of  an  adequate  sample  size,  and  the 
unavailability  of  a  subroutine  in  the  Shazam  program  to 
transform  each  variable  separately  when  the  variables  are 
multiplicative . 
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Partially  differentiating  In  C(P,Y)  with  respect  to 
In  P^  and  invoking  Shepard^s  lemma  yields  the  cost  share 
equations  of  the  translog  cost  function  represented  by: 


Si  =  <£ln  C (P,Y) /  5 In 

=  +^bi:j  In  Pj  +  £giy  In  Qy  (2) 

where : 

if  ]  If  2 ,  .  .  .  ,  n. 

y  If  2 , . . . ,  m • 


Since  the  cost  function  is  homogeneous  of  degree  one 
in  input  prices,  then  each  cost  share  equation  must  be 
homogeneous  of  degree  zero  in  input  prices  which  imply  the 
following  within  equation  restriction: 

)b  ^  j  =  0  l,  3  =1,  2,...,  n. 

j 


Furthermore,  since  the  cost  shares  must  sum  to  one  the 

following  across  the  equation  restrictions  are  imposed  on 

6  2 

the  n  cost  share  equations: 

Iai  = 1 


^Alternatively ,  these  across  the  equation  restrictions 
are  a  result  of  linear  homogeneity  in  input  prices  of  the 
cost  function  and  the  across  equation  equality  of 
parameters  in  the  cost  function  and  the  share  equations. 
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£bij  0  if  j  -  lf  2,.,,,  n. 

E^iy  “0  y  =  1,  2 ,...,  m. 

Assuming  cost  minimization  and  marginal  cost  pricing, 
partially  differentiating  In  C(P,Y)  with  respect  to  In  Qy 
yields  the  revenue  share  equation  of  the  form: 

Ry  =  <5m  C/$ln  Qy 

=  <3y  +E%r  ln  Qr  ln  pi  (3) 

where : 

l  1,  2 , . . . ,  n  • 
y ,  r  =  1,  2 f . . . ,  m. 

Since  the  industry  is  not  constrained  to  zero 
economic  profits,  the  revenue  share  equations  are  not 
constrained  to  sum  to  one.  However,  since  the  cost 
function  is  homogeneous  of  degree  one  in  input  prices, 
this  implies  the  revenue  share  equations  have  the 
following  within  the  equation  restriction: 

Egiy  -  0  i=l, 2,..., n. 

The  system  of  equations  (1),  (2)  and  (3)  with  the 

6  3 

appropriate  set  of  independent  restrictions  constitute 

6  3 

Not  all  of  the  above  restrictions  are  independent. 
The  appropriate  set  of  independent  restrictions  is  fully 
specified  in  the  next  chapter. 
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the  full  cost  system. 


3.2  Restrictions  for  Alternative  Structure 


Given  the  nonhomothetic  joint  cost  structure  of  the 
translog  form  given  by  equation  (1)  ,  various  alternative 
structures  of  the  production  technology  can  be  tested  by 
examining  certain  parameter  restrictions  of  the  cost 
function. 

The  translog  dual  multiproduct  cost  function  (1) 

6  4 

represents  a  weakly  homothetic  production  function  if: 

qrgiy  =  qygir 

where : 

l  1^  2  ,  3, . . . ,  n. 
y  t  £  =  if  2 f  3  f .  •  •  /  m.  y  ^  r 

holds.  This  suggests  input  prices  in  the  cost  function 
are  weakly  separable  from  output  levels.  Denny  and  May 
(1978b)  have  shown  that  the  simultaneous  imposition  of 
weak  homotheticity  of  the  production  structure  and  linear 
homogeneity  in  input  prices  of  the  cost  function 
necessarily  imply  a  strongly  homothetic  production 

^See  Denny  and  Pinto  (1978)  ,  p.  256. 
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structure.  As  a  result,  the  weakly  homothetic  case  is  not 
independently  tested  in  the  empirical  section.66 

However,  it  is  well  known  that  every  cost  function 
which  is  homogeneous  in  output  levels  must  always  be 
homothetic.  The  translog  cost  function  is  homogeneous  of 

degree  Y&y  in  outputs  if  the  following  restrictions 
hold:66 


y,  r  1,  2 , . . . ,  m. 
i  1,  2,...,  n. 


If  the  above  holds,  the  production  structure  must  be 

homothetic.  Furthermore,  the  production  structure  is 

homogeneous  of  degree  one  if  the  translog  cost  function 

6  7 

satisfies  the  following  restrictions: 

£qyr  =  0  y,  r  =  1,  2,...,  m. 

£giy=0  i=l,  2, ,  n. 

&y  =  1 

The  production  function  is  said  to  be  strongly 


65It  is  unclear  if  Denny  and  May  (1978b)  are  correct. 
Regardless,  the  Shazam  program  exmployed  in  estimation 
cannot  handle  nonlinear  restrictions. 

66Brown,  Caves  and  Christensen  (1979) ,  p.  259. 


67Ibid . 


. 
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homothetic  if  the  cost  function  is  a  strongly  separable 
function  of  input  prices  and  output  levels  (Denny  and 
Fuss,  1977).  For  the  translog  form  of  the  cost  function, 
the  technology  is  said  to  be  strongly  homothetic  if  the 
following  restriction  holds:®® 

9iy=0  i  =  1 ,  2, . . . ,n. 

y  =  1,  2, . . . ,m. 

Moreover,  the  cost  function  is  strongly  homothetic  and 

fi  Q 

weakly  homogeneous  if: 

9iy  =  0  i  =  1 ,  2 , . . . ,n. 

S^yr  ”  ®  y,  r-1,  2,...,m. 

r 

holds.  In  addition,  the  translog  cost  function  is  linear 
homogeneous  in  outputs  if  the  following  restrictions  are 
satisfied : 


1  “  X/  f  m  •  •  f  T\  0 

y f  r  —  If  2 f  • • • f  m. 


68Brown,  Caves  and  Christensen  (1979) ,  p.  259  and  Gillen 
and  Oum  (1983) . 

69Since  there  exists  at  least  two  types  of 
homo the ticity,  then  there  exists  several  types  of 
homogeneity . 


•i 

■ 

«  ^  ^  ^ 
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Alternatively,  given  the  fact  the  translog  function 
tests  empirically  to  be  strongly  homothetic,  one  can 
identify  an  alternative  set  of  restrictions  which  is 
sufficient  for  a  homogeneous  translog  function.  The 
translog  cost  function  represents  a  strongly  homothetic 
and  strongly  homogeneous  production  structure  if: 


1  1,  2 , . . . ,n . 


y,  r  =  1,  2,...,  m. 


holds . 


Furthermore,  the  translog  cost  function  is 
homogeneous  of  degree  one  in  outputs  when  the 
restrictions : 


x  1,  2  ,  . . . ,n . 
y,  r  ~  1,  2,...,  m. 


are  satisfied. 

The  Cobb-Douglas  cost  function  is  a  subset  of  the 

translog  cost  function.  The  Cobb-Douglas  cost  function  is 

strongly  homothetic  and  strongly  homogeneous.  The 

translog  function  is  log-linear  if  the  following  set  of 

70 

restrictions  hold: 


70See  Gillen  and  Oum  (1983). 


* 


■ 
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9iy  0 

qyr  =  ^  y,  r=l,  2,...,m. 

j  ~  0  l ,  j  -  1,  2,...,  n. 

Consequently,  the  translog  cost  function  will  approximate 
the  linear  homogeneous  Cobb-Douglas  cost  function  if: 

'  9iy  =  0 

*3y j-  ~  0  y,  r  =  1,  2,...,  m. 

b ^ ~  0  i,  j  =  1,  2,...,  n. 

Zqy  =  1 

r 

Clearly  one  can  observe  all  the  global  linear 
homogeneity  tests  are  nested  within  the  global  homogeneity 
tests  and  the  homothetici ty  tests.  Figure  3  presents  a 
summary  of  the  structure  of  tests  to  be  conducted  on  the 
translog  cost  function  to  determine  the  empirically 
validity  of  global  homo the ticity,  homogeneity  and  linear 
homogeneity  for  Canadian  agriculture. 

Moreover,  since  there  exists  a  large  number  of 
alternative  restrictions  to  be  statistically  tested,  a 
summary  of  the  restrictions  for  global  homothetici ty , 
homogeneity  and  linear  homogeneity  is  provided  in  Figure 
4.  All  of  restrictions  specified  in  Figure  4  will  be 
empirically  tested  in  the  next  chapter. 


Figure  3:  Structure  of  Tests  for  Homo the ticity  and  Homogeneity 
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Figure  4:  Restrictions  on  the  Translog  Cost  Function  for  Homothetici ty  and  Homogeneity 
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3,3  Functional  Forms  of  the  Summary  Measures 


Once  alternative  structures  of  the  production 
technology  have  been  tested,  the  parameter  estimates 
employed  will  originate  from  the  empirically  validated 
model.  These  parameter  estimates  in  conjunction  with  the 
fitted  cost  function,  cost  share  equations,  and  revenue 
share  equations  will  be  utilized  to  derive  parametric 
values  of  the  summary  measures  discussed  in  Section  2.3. 

Berndt  and  Wood  (1975)  and  Binswanger  (1974b)  have 
shown  that  the  Allen-Uzawa  partial  elasticity  of 
substitution  between  factor  i  and  j  given  the  translog 
cost  function  can  be  written  as: 

AUESij  =  (bij/SiSj)  +  1  for  all  i  ?  j  (4) 

AUESii  =  (bii  +  S?  -  Si)/S?  for  all  i  (5) 

The  value  of  AUES  depends  upon  the  values  of  the 
fitted  cost  shares  and  as  a  result  vary  with  relative 
changes  in  the  cost  shares.  One  can  test  alternative 
structure  of  the  cost  function  by  examining  AUESij  since 
for  the  Cobb-Douglas  AUES^  =  1,  the  Leontief  AUES—  =  0 


71 


and  for  the  CES  form  all  AUES^j  are  equal. 7-*- 

The  translog  cost  function  yields  the  following 
formula  for  the  partial  cross  price  and  own  price 


elasticities  of  factor  demands 

(Berndt  and  Wood, 

1975)  : 

E  •  •  = 
13 

(bij  +  SiSj)/Si 

for 

all  i  t*  j 

(6) 

Eu  = 

<bii  +  st2  -  S^/Sj. 

for 

all  i 

(7) 

Us  ing 

the  results  of 

the 

Allen-Uzawa 

partial 

elasticities  of  substitution 

of 

(4)  and  (5), 

one  can 

calculate 

the  cross  and  own  price 

elasticities 

of  factor 

demands  for  the  translog  cost 

7  2 

function  by: 

Eij  - 

Sj-  AUES  — 

for 

all  i  ^  j 

(8) 

Eii  = 

Si-  AUESi;L 

for 

all  i 

(9) 

The  output  elasticity  of  factor  demands  derived  from 


7]'See  Denny  and  May  (1978b)  ,  p.  311. 

72This  relationship  was  shown  orginally  between  AES  and 
E  by  Allen  (1938)  . 


■ 
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7  ^ 

the  translog  cost  function  can  be  expressed  as: 


'iy  ^iy/Si)  +  Ry 


for  all  y,  i 


(10) 


It  should  be  noted  if  the  cost  function  is  strongly 
separable  in  input  prices  from  outputs  such  that  g^^  =  0, 
then  the  output  elasticities  of  factor  demands  depends  on 
the  level  of  outputs  only  and  is  independent  of  factor 
input  prices. 

The  marginal  cost  of  producing  y,  given  the  translog 
cost  function,  can  be  expressed  as  (Darrough  and  Heineke, 
1978)  : 

Mcy  =  (qy  +  I%r  ln  Qr  +  E^iy  ln  pi>  <C/Qy)  UD 

r  i 

where : 

l  ~  1,  2 ,  3 ,  .  *  « ,  n. 

y,r  =  1,  2,  3,...,  m.  and  y  ^  r 

Finally,  for  the  translog  multiproduct  cost  function, 
the  marginal  rate  of  transformation  of  product  y  for 
product  r  can  be  determined  by  the  expression  suggested  by 
Darrough  and  Heineke  (1978)  written  as: 


73See  Appendix  B  for  the  derivation  of  this  final  form. 


' 
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MRTyr  =  MCr/MCy 

(qr  +Eqyr  ln  Qy  +^9ir  ln  pi>Qy  (12) 

(qy  +  £qyr  ln  Qr  +^5iy  In  Pi)Qr 

t  i 

where : 

i  =  1,  2,  3 , ...,  n.  and  y  f  r. 

All  of  the  summary  measures  presented  in  this  section 
will  be  estimated  using  the  parameter  estimates  and  the 
fitted  cost,  cost  share  and  revenue  data. 

3.4  Economies  of  Scale  and  Economies  of  Scope 


The  use  of  the  translog  multiproduct  cost  function 
results  in  limitations  with  respect  to  particular  tests  of 
economies  of  scale  and  economies  of  scope.  The  tests  and 
measures  developed  in  the  previous  chapter  for  global 
economies  of  scope  and  global  product-specific  economies 
of  scale  require  the  cost  function  to  be  clearly  defined 
for  positive  output  vectors  where  an  element,  say  Qy,  is 
set  to  zero.  The  translog  cost  function  is  not  well 
defined  for  zero  output  levels  since  the  logarithm  of  zero 
is  undefined.  As  a  result,  tests  for  global  economies  of 
scope  and  global  product-specific  economies  of  scale  are 


not  conducted. 
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Caves,  Christensen  and  Tretheway  (1980)  suggest  the 
use  of  the  generalized  translog  cost  function,  where  the 
output  variables  are  transformed  by  a  Box-Cox  metric,74  to 
test  for  global  economies  of  scope  and  product-specific 
economies  of  scale.  Gillen  and  Oum  (1983)  point  out,  even 
though  technically  the  generalized  translog  cost  function 
can  be  used,  the  calculations  of  the  above  measures 
requires  extrapolation  of  the  estimated  cost  function  well 
beyond  the  range  of  observed  data  which  may  led  to 
questionable  empirical  conclusions.  As  a  result,  Gillen 
and  Oum  (1983)  conduct  tests  for  economies  of  scope  which 
are  local  in  nature. 

In  the  previous  chapter,  it  was  stated  that  cost 

complementarity  or  jointness  was  a  sufficient  condition 

for  local  economies  of  scope.  The  test  statistic  for  cost 

complementarity  in  the  multiproduct  translog  cost  model 

7  5 

can  be  written  as: 

5 In  C  5  In  C  j.  qrrr.  y  f  r. 

STn-^  $Tn~Q7  yr  (13) 

which  in  the  two  product  case  becomes: 


CC 


yr  = 


QyQr 


74The  Box-Cox  transformation  of  output  Q  is  (Q  - 

u/A- 

75See  Fuss  and  Waverman  (1978),  Kiss,  Karabadjian,  and 
Lefebvre  (1981)  and  Gillen  and  Oum  (1983)  . 
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ccyr  = 

C  (tq„  +E q„r  In  Qc  +7.^,,  In  Pt] 

Y  *  [qr  +  E%r  ln  Qy  +  &ir  ln  pi]  (14) 

Y  .  * 

+  qyr)  i-l,  2, . . . ,  n. 

or  substituting  the  definition  of  revenue  shares  the  above 
can  be  written  as: 


cc 

'~'~yr  = 

C  (R,r*Rr  +‘q„r)  y  ?  r 

QyQr  Y  Y  (15) 

Since  the  value  of  CCyr  depends  on  the  data,  it  has 
been  common  to  scale  the  data  at  a  particular  point  to 
calculate  a  value  of  CCyr  independent  of  the  data  (Fuss 
and  Waverman  (1978),  Kiss,  Karabadjian,  and  Lefebvre 
(1981)  and  Gillen  and  Oum  (1983)  )  .  At  the  point  of 
expansion  after  the  data  has  been  scaled  such  that  Qy  = 

=  1,  then  the  test  statistic  for  jointness  becomes: 


o 

o 

II 

qyqt  +  qyr  (16) 

If  ccyr 

<  0  holds,  then  there  exists  cost 

complementarity  or  jointness  in  production  which  implies 
the  existence  of  local  economies  of  scope. 


In  essence,  there  are  two  methods  for  determining  the 
existence  of  cost  complementarity  and  hence  local 
economies  of  scope.  First,  one  can  check  the  sign  of 


* 
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(13)  ,  (14)  ,  (15)  or  (15)  at  all  data  points  (Gillen  and 

Oum,  1983) .  If  the  sign  of  CCyr  is  negative  at  all  data 

points,  then  that  is  sufficient  for  the  existence  of 

economies  of  scope.  Alternative,  using  (16),  one  can  test 

for  the  null  hypothesis  of  no  cost  complementarity  by 

setting  CCyr  to  zero  at  the  expansion.  If  this  null 

hypothesis  is  rejected  and  if  the  alternative  is  true  then 

7  6 

there  are  local  economies  of  scope. 

In  addition  to  a  measure  for  economies  of  scope  using 
the  translog  multiproduct  cost  function,  one  can  calculate 
a  measure  for  local  overall  economies  of  scale.  There 
exist  two  methods  by  which  local  overall  economies  of 
scale  can  be  tested.  The  first  measure  involves 
calculating  the  inverse  of  the  sum  of  the  cost 
elasticities  with  respect  to  outputs.  Given  the  translog 
multiproduct  cost  function,  a  measure  of  local  overall 
economies  of  scale  can  be  expressed  as:77 

In  Qr  +  £giy  ln  Pi)!'1  (17) 


7®There  are  two  methods  associated  with  testing  (16)  . 
Fuss  and  Waverman  (1978)  scale  the  data  and  use  the  twice 
the  logarithm  of  the  likelihood  ratio  test  while  Kiss, 
Karabadjian  and  Lefebvre  (1981)  construct  a  confidence 
interval  around  the  right  hand  side  of  (16)  to  see  if  CC 
=  0  falls  within  the  confidence  interval. 

77See  Bailey  and  Friedlaender  (1982) . 


es  =  {£(qv  +Y.  q 

Y  *  r 


77 


An  alternative  method  to  determine  the  degree  of 

local  overall  economies  of  scale  involves  scaling  the  data 

at  the  point  of  approximation  such  that  =  Qy  =  1  and 

7  8 

hence  (17)  reduces  to: 

ES  =  (£qy)-1  (18) 

y 

If  ES  >  1  then  there  is  local  overall  economies  of 
scale.  Alternatively,  if  ES  <  1  then  there  exist  local 
overall  diseconomies  of  scale.  Finally,  if  ES  =  1  then 
there  is  no  local  overall  economies  or  diseconomies. 

In  the  empirical  chapter  of  this  thesis,  I  will 
conduct  the  statistical  analysis  to  test  for  local 
economies  of  scope  and  local  overall  economies  of  scale. 
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See  Gillen  and  Oum  (1983). 


CHAPTER  IV:  ECONOMETRIC  ESTIMATION 


This  chapter  presents  the  empirical  results  from  the 
estimation  of  the  complete  nonhomothetic ,  joint,  multiple 
input,  multiple  output  translog  cost  model  outlined  in 
Chapter  Three.  Section  4.1  presents  a  discussion  of  the 
data  set  utilized  in  the  estimation.  Section  4.2 
discusses  the  methodology  employed  in  the  estimation  of 
the  complete  model.  In  addition,  regional  dummy  variables 
to  capture  the  interregional  differences  are  introduced. 

In  section  4.3,  the  empirical  results  of  the  global 
tests  of  the  production  structure  are  presented.  In 
particular,  the  statistical  conclusions  with  respect  to 
global  homothetici ty ,  homogeneity,  linear  homogeneity  and 
log  linearity  are  discussed. 

The  parameter  estimates  of  the  general  nonhomothetic, 
joint  model  are  presented  in  section  4.4.  Moreover,  the 
estimated  values  of  the  Allen-Uzawa  partial  elas itici ties 
of  factor  substitution,  the  partial  cross  price  and  own 
price  elasticities  of  factor  demands,  the  output 
elasticities  of  factor  demands  and  the  marginal  rate  of 
product  transformation  are  presented  and  discussed  in  this 
section. 
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Finally,  section  4.5  presents  and  discusses  the 
empirical  results  of  the  tests  conducted  for  local 
economies  of  scope  and  local  overall  economies  of  scale. 

4.1  Data 


The  data  necessary  to  estimate  the  complete  cost 

model  must  be  comprised  of  input  price  indexes  and  cost 

share  data  for  n  inputs,  output  indexes  and  revenue  share 

data  for  m  outputs,  and  total  cost  data.  Given  the 

complete  translog  cost  model  of  n  inputs  and  m  outputs, 

the  number  of  parameters  which  need  to  be  estimated  is 

7  9 

(1/2)  (m  +  n)  (3  +  m  +  n)  +1.  Consequently,  the  sample 
size  places  upper  limits  on  the  magnitude  of  m  and  n  such 
that  the  model  can  be  empirically  implemented. 

As  a  result  of  data  limitations,  it  was  decided  to 
use  a  four  input,  two  output  cost  model.  The  four  inputs 
are  comprised  of  land,  labor,  capital  and  materials  while 
the  two  outputs  consist  of  field  crops  and 
livestock /animal  products. 

The  data  employed  in  estimation  originates  from  two 

79This  is  after  symmetry,  linear  homogeneity  in  input 
prices,  and  the  adding  up  condition  has  been  imposed.  See 
Ray  (1982)  . 


■ 
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o  n 

major  sources;  Agriculture  Canada  and  Statistics  Canada. 
The  data  set  is  comprised  of  pooled  time  series  and  cross 
sectional  data  for  Western  and  Eastern  Canada  for  the  time 
period  1961  to  1979. 

Land  is  one  of  the  most  important  variables  in 
determining  the  characteristics  of  Canadian  agriculture. 
What  is  required  for  the  purpose  at  hand  is  a  measure  of 
the  rental  price  of  land  reflecting  the  costs  incurred, 
either  directly  or  indirectly,  from  a  flow  of  services 
derived  from  a  given  stock  of  land.  The  rental  price 

index  of  land  and  the  value  of  the  annual  flow  of  services 

« 

from  land  for  Eastern  and  Western  Canada  was  calculated  by 
Agriculture  Canada. 

The  labor  price  index  and  the  value  of  labor  input 
was  provided  by  Agriculture  Canada.  The  hired  labor  wage 
rate  was  used  to  construct  a  labor  price  index  and  it  was 
assumed  this  wage  was  paid  to  hired,  operator,  and  family 
labor.  The  wage  rate  for  Eastern  Canada  is  a  weighted 
average  of  the  hourly  agriculture  wage  rate  for  each 
Eastern  province.  A  similiar  procedure  was  employed  to 
determine  the  Western  Canada  agriculture  wage  rate.  The 
total  regional  agriculture  wage  bill  reflects  explicit  and 

80This  data  set  was  used  in  Lopez  and  Tung  (1982)  .  My 
thanks  to  Agriculture  Canada  and  in  particular,  Drs. 
Lopez,  Tung  and  Nararayan. 
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implicit  payments  to  hired,  operator  and  family  labor. 

The  regional  capital  price  index  provided  by 
Agriculture  Canada  is  derived  by  a  weighted  average  of 
machinery  and  equipment,  buildings  and  fencing,  and  animal 
stock  price  indexes  using  1971  cost  share  regional 
weights.  The  regional  capital  price  indexes  represents 
the  rental  price  of  annual  per  unit  flows  of  services 
originating  from  the  existing  capital  stock  in  each  year. 
Aggregating  the  value  of  the  flow  of  services  from  each 
subcomponent  yields  the  value  of  the  flow  of  services  from 
capital . 

The  material  price  index  is  a  weighted  average  of  the 

81  82  83 

energy,  energy  based,  feed,  seed,  livestock  expense, 

other  crop  expenses84  and  miscellaneous  expense8^  price 

indexes  using  1971  cost  share  weights.  The  expenditures 

on  materials  was  determined  by  summing  all  subcomponents. 

8 1 

Includes  fuel  and  electricity. 

82Comprised  of  fertilizer,  lime,  and  agriculture 
chemicals . 

83Consists  of  livestock  purchases,  registration  fees, 
and  veterinary  expenses. 

84Composed  of  nursary  stock,  irrigation,  containers  and 
twine . 

85Includes  custom  work,  insurance,  and  other  supplies 
and  services. 
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The  total  annual  cost  of  production  for  each  region 
was  determined  by  summing  the  annual  land,  labor,  capital 
and  material  expenses  for  each  region.  The  cost  share  data 
was  calculated  by  dividing  the  expenditures  on  each  input 
by  the  total  cost  of  production. 

Regional  annual  total  revenues  from  field  crops  is 

comprised  of  the  summation  of  regional  revenues  from 
8  6 

wheat,  oats,  barley,  rye,  flaxseed,  rapeseed,  soybeans, 
corn,  sugar  beets,  potatoes,  fruits,  vegetables,  tobacco, 
and  other  crops.  The  regional  quantity  index  was 
constructed  by  dividing  the  total  regional  revenues  from 
field  crops  by  the  regional  field  crop  price  index  and 
then  transforming  the  resultant  values  into  an  output 
quantity  index. 

Annual  total  revenues  from  livestock  and  animal 

products  was  found  by  aggregating  regional  revenues  from 

8  8 

cattle,  calves,  hogs,  dairy  products,00  poultry,  eggs, 
sheep,  lambs  and  other  livestock  and  animal  products.  The 
regional  quantity  index  for  livestock  and  animal  products 

86Includes  Canadian  Wheat  Board  payments  and  net  cash 
advance  payment  under  the  provisions  of  the  Prairie 
Advance  payment  Act  and  Western  Grain  Stabilization  Act. 

87Calculated  as  a  weighted  average  of  the  Canadian  field 
crop  price  index  and  the  regional  agriculture  price  index. 

88Including  dairy  supplementary  payments. 
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was  constructed  using  the  procedure  similar  to  the  one 
indicated  above. 

The  revenue  shares,  assuming  competition,  was 
calculated  by  dividing  total  regional  revenues  of  each 
aggregate  output  by  the  total  cost  of  production. 

In  brief  recapitulation,  Table  3  presents  a  list  of 
definitions  of  the  varibles  employed.  All  index  data  used 
in  estimation  was  normalized  to  one  for  1971. 

4.2  Estimation  Methodology 


The  cost  function,  cost  share  equations  and  revenue 
share  equations  were  estimated  simultaneously.  Since  the 
cost  shares  must  add  up  to  one,  their  disturbance  terms 
sum  to  zero.  Consequently,  one  of  the  cost  share 
equations  was  deleted  to  preserve  the  nonsingularity  of 
the  covariance  matrix.  The  material  share  equation  was 
deleted.  Maximum  likelihood  estimates  are  invariant  to 
the  equation  deleted. 

The  full  system,  comprised  of  the  cost  function,  n  - 
1  share  equations  and  m  revenue  share  equations,  was 
estimated  by  an  iterative  estimation  technique  for 
Zellner's  seemingly  unrelated  equations  which  ensures  that 
maximum  likelihood  estimates  are  obtained  if  the 


< 
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Table  3 


Var iable 

PL  Land  input 
price  index 

PN  Labor  input 
price  index 

PK  Capital  input 
price  index 

PM  Material  input 
price  index 

Qa  Field  crop 

quantity  index 

Qp  Livestock  and 
animal  products 
quantity  index 

SL  Land  cost 
share 


SN  Labor  cost 
share 


SK  Capital  cost 
share 


SM  Material  cost 
share 

Rp  Field  crop 
revenue  share 


RA  Livestock  and 
animal  products 
revenue  share 


:  Definitions  of  Variables 


Definition 

Index  of  the  rental  price 
of  land 

Index  of  the  hourly  wage 
rate 

Index  of  the  rental  price 
of  capital 

Index  of  the  price  of  all 
other  materials 

Index  of  the  output  of  all 
field  crops 

Index  of  the  output  of  all 
livestock  and  animal 
products 

Estimated  cost  of  the  flow 
of  land  services  divided  by 
total  costs 

Estimated  cost  of  operator, 
family  and  hired  labor 
divide  by  total  costs 

Estimated  cost  of  the  flow 
of  capital  services  divided 
by  total  costs 

Total  expenditures  on  materials 
divided  by  total  costs 

Total  revenues  recieved  from 
all  field  crops  divided  by 
total  cost 

Total  revenues  recieved  from 
all  livestock  and  animal 
products  divided  by  total  costs 


. 
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covariance  matrix  converges.®^ 

Actually,  there  exists  six  alternative  variants  of 
the  model  which  could  have  been  used  in  estimation.  Given 
the  cost  model,  one  could  estimate  the  parameters  of  the 
production  technology  by: 


1.  the  cost  function  alone  with  linear  homogeneity 
in  input  prices  imposed.  0 

2.  the  cost  function  and  n  -  1  cost  share 

equations  with  the  adding  up  condition 
imposed .  1 

3.  the  n  -1  cost  share  equations  with  the  adding 
up  condition  imposed.  ^ 


4. 


the  cost 
equations 


function  and  the  m 
with  homogeneity  of 
input  prices  imposed.  ^ 


revenue  share 
degree  one  in 


5.  the  n  -  1  cost  share  equations  and  the  m 

revenue  share  equations  with  the  adding  up 
condition  imposed. 


o  q 

The  convergence  criteria  was  set  at  .05  with  the 
maximum  number  of  iterations  set  at  50. 

^There  may  exists  problems  with  multicollinearity . 

91This  method  appears  to  be  the  most  popular  method  of 
late  but  does  not  use  all  of  the  information  of  the 
complete  model. 

92Not  all  of  the  parameters  of  the  cost  function  can  be 
estimated.  In  particular,  this  method  does  not  provide 
direct  values  for  Sq,  qy,  and  q  . 

93The  author  is  not  aware  of  any  study  which  has 
employed  this  approach. 

94The  intercept  term  of  the  cost  function  cannot  be 
directly  estimated  by  this  approach. 


86 


6.  the  cost  function,  the  n  -  1  cost  share 

equations  and  the  m  revenue  share  equations 
with  the  adding  up  condition  imposed.  5 


Preliminary  regression  results  indicate  the  cost 
function,  the  n  -  1  cost  share  equations  and  the  m  revenue 
share  equations  with  the  adding  up  condition  imposed 
provided  the  most  suitable  econometric  results. ^ 

Dummy  variables  were  introduced  into  each  equation  to 
capture  the  quantitative  differences  in  regional 
production  technology  characteristics.  The  dummy 
variable,  D,  had  the  value  of  zero  for  Western  Canada  and 
one  for  Eastern  Canada.  Following  Binswanger  (1974b) , 
Fuss  (1977),  Griffen  and  Gregory  (1978),  Lopez  and  Tung 
(1982)  and  MacRae  and  Webster  (1980)  the  dummy  variables 
were  entered  in  additive  form  in  each  equation.  In 
addition,  Hicks^  neutral  technological  change  was  assumed. 


9  5 

One  would  expect  the  inclusion  of  the  cost  share  and 
revenue  share  equations  along  with  the  cost  function  would 
increase  the  available  degrees  of  freedom  and  improve 
statistical  precision  since  the  parameters  of  the  cost  and 
revenue  share  equations  are  a  subset  of  the  cost  function. 

^This  is  contrary  to  the  findings  of  Guilkey  and  Lovell 
(1980)  .  It  appears  to  be  the  case  as  n  and  m  become 
larger,  the  estimates  provided  by  (1)  degenerate  vis-a-vis 
(6)  .  Ray  (1982)  also  found  the  full  cost  model  provided 
better  estimates. 

^More  correctly,  each  regional  model  should  have  been 
estimated  separately.  However,  due  to  data  limitations 
such  a  procedure  was  not  possible. 


'  :  ’ 
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The  econometric  model  estimated  had  the  following 
9  8 

form.  The  multi-input/multi-output  cost  function  was 
written  as: 

In  C  =  aQ  +  aL  In  PL  +  aN  In  PN  +  aR  In  PR 

+  aM  In  PM  +  bLN  In  PL  lnPN  +  bLK  lnPL  lnPR 

+  bLM  ln  PL  ln  PM  +  1^2  bLL  ln  PL  ln  PL 
+  1/2  bNN  ln  PN  ln  PN  +  bNK  ln  PN  ln  PR 

+  bNM  ln  PN  ln  PM  +  bKM  ln  PK  ln  PM 
+  1/2  bpp  ln  P^  ln  PR  +  1/2  bMM  ln  PM  ln  PM 

+  In  Qp  +  q^  ln  +  qp^  In  Qp  ln 

+  1/2  qFp  ln  Qp  ln  Qp  +  1/2  q^^  In  Q^  ln  Q^ 


+  9lF 

in  PL 

In 

QF  + 

gNF  In 

PN 

In 

qf 

+  3KF 

in  PK 

ln 

qf  + 

gMF  ln 

PM 

ln 

qf 

+  gLA 

ln  PL 

ln 

qa  + 

9na  ln 

PN 

ln 

qa 

+  9KA 

m  pk 

ln 

qa  + 

9MA  ln 

PM 

ln 

qa 

4-  dcD 

(1) 

cost 

share  equations  used 

were : 

SL  = 

aL  +  bLL 

ln  PL 

+ 

bLN 

ln 

PN  + 

bLK 

ln 

PK 

+  bLM 

ln  PM 

+ 

gLF 

ln 

Qf  + 

■3LA 

ln 

Qa 

+  dLD 

SN  = 

aN  +  bNN 

ln  PN 

+ 

bLN 

ln 

PL  + 

bNK 

ln 

PK 

+  bNM 

ln  PM 

+ 

gNF 

ln 

Qf  + 

gNA 

ln 

Qa 

+  dND 

SK  = 

aK  +  bKK 

m  PR 

+ 

bLK 

ln 

PL  + 

bNK 

ln 

PK 

+  bKM 

ln  PM 

+ 

gKF 

ln 

qf  + 

9KA 

In 

qa 

+  dKD 

(2) 

^Symmetry  is  imposed  throughout  the  remainder  of  the 
presentation. 
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The  revenue  share  equations  have  the  form: 


w 

ii 

& 

+ 

qFA 

In 

qa 

+ 

qFF 

In 

Qp 

+ 

gLF 

In 

PL 

+ 

bNF 

In 

PN 

+ 

bKF 

In 

PK 

+ 

bMF 

In 

PM  + 

dpD 

50 

> 

II 

> 

+ 

qFA 

In 

qf 

+ 

qAA 

In 

qa 

+ 

gLA 

In 

PL 

+ 

bNA 

In 

PN 

+ 

bKA 

In 

PK 

+ 

bMA 

In 

PM  + 

dftD  (3) 

Furthermore,  the  following  within  and  across  equation 
restrictions  were  imposed  on  the  model 


aL  +  aN  +  aK  +  aM  “ 


bLL 

+ 

bLN 

+ 

bLK 

+ 

bLM  0 

bLN 

+ 

bNN 

+ 

bNK 

+ 

bNM  =  0 

bLK 

+ 

bNK 

+ 

bKK 

+ 

bMM  =  0 

bLM 

+ 

bNM 

+ 

bKM 

+ 

o* 

II 

o 

gLF 

+ 

gNF 

+ 

gKF 

+ 

%F  =  0 

gLA  +  gNA  +  gKA  +  gMA  =  0  (4) 

The  system  comprised  of  (1) ,  (2)  and  (3)  subject  to 
the  set  of  restrictions  (4)  constituted  the  general  joint 
cost  model  used  in  estimation. 
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Symmetry  is  already  imposed. 


'  .  J  Ja 
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4.3  Testing  the  Structure  of  Technology 


Various  alternative  hypotheses  of  the  structure  of 
the  production  technology  were  tested.  Likelihood  ratio 
tests,  which  have  been  extensively  used  to  test  the 
validity  of  various  parameter  restrictions,  were  employed 
in  the  following  manner. 

First,  the  general  nonhomothetic  joint  cost  model 
represented  by  (1),  (2),  (3),  and  (4)  was  estimated  which 

yielded  the  maximum  of  the  likelihood  function  Lg  upon 
convergence .  Second,  the  maximum  of  the  likelihood 

function  L-^  was  estimated  when  additional  alternative 
restrictions  specified  in  section  3.2  were  placed  on  the 
model.  Third,  the  logarithm  of  the  likelihood  ratio  was 
calculated  by  the  formula  In  (L^  /  Lg)  .  Theil  (1971)  has 
shown  that  -2  (In  L-^  -  In  Lg)  is  asymptotically  distributed 
as  Chi-squared.  Hypothesis  testing  was  conducted  by 
comparing  minus  twice  of  the  logarithm  of  the  likelihood 
ratio  to  a  critical  value  of  where  the  degrees  of 

freedom,  r,  is  equal  to  the  number  of  additional 

independent  restr  ictions  . 


■^^This  specification  converged  after  35  iterations. 
101Theil  (1971),  396  -  397. 
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The  null  hypothesis  or,  in  other  words,  the  validity 

of  the  additional  restrictions  was  rejected  if  minus  twice 

the  log  of  the  likelihood  ratio  was  greater  than  the 

2 

critical  value  of  x£. 

Tests  were  conducted  on  various  null  hypotheses  such 
as  global  homothetici ty ,  homogeneity,  homogeneity  of 
degree  one  and  log-linearity.  Since  these  restrictions 
are  global  tests,  the  translog  cost  function  was  treated 
as  an  exact  function  in  this  section.  The  results  of  the 
hypothesis  testing  are  presented  in  Table  4  and  Table  5. 

Homothetici ty  implies  input  prices  are  separable  from 
the  levels  of  output  and  the  cost  minimization  expansion 
path  is  a  ray  from  the  origin.  Total  weak  homothetici  ty 
could  not  be  tested  within  the  translog  framework.  The 
null  hypothesis  of  a  strongly  homothetic  production 
technology  was  soundly  rejected.  A  similar  result  was 
reported  in  Lopez  (1980)  for  the  single  output  case. 

The  test  for  input  price  and  output  separability  is  a 

10  2 

test  for  the  existence  of  an  output  aggregate.  Although 
the  weak  test  could  not  be  conducted,  the  rejection  of 
strong  homothetici ty  does  question  the  appropriateness  of 
the  use  of  a  single  output  specification.  The  acceptance 
of  strong  homothetici ty  is  a  sufficient  condition  for  the 

l^Fuss  and  waverman  (1978)  ,  p.  21. 
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existence  of  an  output  aggregate.  However,  the  rejection 

of  strong  homotheticity  is  neither  necessary  nor 

103 

sufficient  for  the  nonexistence  of  an  output  aggregate. 
Rejection  of  strong  homotheticity  does  suggest  to  view  the 
single  output  analysis  with  caution. 

Given  the  fact  global  strong  homotheticity  was 
rejected,  this  implies  global  homogeneity,  linear 
homogeneity  and  log-linearity  which  are  nested  within 
strong  homotheticity  would  also  be  rejected.  The 
empirical  tests  led  to  the  rejection  of  the  null 
hypotheses  of  homogeneity  nested  within  strong 
homotheticity  in  both  tests.  In  addition,  the  nonnested 
homogeneous  hypothesis  was  also  rejected. 

The  null  hypothesis  of  homogeneity  of  degree  one  was 
convincingly  rejected  in  all  four  tests.  The  implication 
of  these  findings  indicate  the  imposition  of  these 
restrictive  specifications  of  linear  homogeneity, 
homogeneity  or  strong  homotheticity  would  bias  any 
empirical  findings  for  Canadian  agriculture. 

The  log-linearity  hypothesis  is  equivalent  to  testing 


103This  is  due  to  the  fact  that  the  rejection  of  weak 
homotheticity  is  necessary  and  sufficient  for  the 
nonexistence  of  an  consistent  output  aggregator. 
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for  the  Cobb-Douglas  form  of  the  cost  function. 
Log-linearity  was  strongly  rejected  which  confirms  the 
findings  of  Islam  and  Veeman  (1980)  who  tested  for  this 
form  in  the  single  output  case.  Furthermore,  the  null 
hypothesis  of  the  linear  homogeneous  Cobb-Douglas  form  was 
also  rejected. 

As  a  result  of  the  empirical  testing  for  global 
structure,  the  general,  nonhomo the t ic ,  joint  translog 
multiple  input,  multiple  output  cost  function  was 
maintained  in  all  subsequent  analysis  and  calculations. 
Accordingly,  the  imposition  of  homogeneity  or  linear 
homogeneity  on  the  Canadian  agriculture  cost  function 
would  clearly  be  inappropriate. 

4 . 4  Estimation  Results  and  Summary  Statistics 


The  parameter  estimates  of  the  full  nonhomothetic 
joint  multiple  input  multiple  output  cost  model  for 
Canadian  agriculture  are  reported  in  Table  6  along  with 
their  associated  standard  errors  and  asymptotic  t 


104This  is  also  a  test  for  the  Cobb-Douglas  form  of  the 
production  function  since  the  Cobb-Douglas  is  a  self  dual. 
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ratios.  Twenty  -  eight  of  the  thirty  -  four  parameter 
estimates  are  statistically  significant  at  the  one  percent 
level  of  confidence.  Furthermore,  three  additional 
parameters  are  statistically  significant  at  the  five 
percent  level. 

Goodness  of  fit  statistics  are  presented  in  Table  7 
2 

with  R  values  reported  for  each  equation.  An  examination 
of  this  table  indicates  the  model  performed  very  well. 

All  the  regional  dummy  variables  are  statistically 
significant.  The  negative  coefficient  for  the  dummy 
variable  in  the  land  and  capital  equation  implies  Western 
Canada  has  a  relatively  land  and  capital  intensive 
production  technology  while  the  positive  coefficient  in 
the  labor  equation  indicates  a  relatively  labor  intensive 
technology  for  Eastern  Canada.  The  latter  result  is 
contrary  to  Lopez  and  Tung  (1982)  who  found  Western  Canada 
to  have  a  more  labor  intensive  technology.  This 
difference  may  be  a  result  of  either  differences  in  the 
multiple  output  versus  single  output  case  or  differences 
resulting  from  the  functional  form  of  the  cost 


105It  is  common  to  report  the  parameter  estimates  of  the 
rejected  models  to  show  the  extent  of  the  bias  in  the 
parameter  estimates  if  one  assumes  an  inappropriate 
structure.  Since  nine  alternative  models  were  tested,  in 
addition  to  the  nonhomothetic  joint  model,  it  was  decided 
not  to  report  the  rejected  versions  due  to  space 
1 imitations . 
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Table  6:  Parameter  Estimates  for  the  Translog  Cost  Function 


Coefficients 

Estimated 

Value 

Standard 

Error 

Asymptotic 

t-Ratio 

a0 

7.64140 

.02595 

294.432* 

aL 

.41360 

.00610 

67.719* 

aN 

.09308 

.00375 

24.807* 

aK 

.23001 

.00306 

75.093* 

aM 

.26331 

.00995 

26.459* 

bLN 

-.06769 

.00755 

-  8.961* 

bLK 

-.04268 

.01108 

-  3.852* 

bLM 

-.08122 

.01417 

-  5.729* 

bLL 

.19161 

.01340 

14.297* 

bNN 

.04990 

.00991 

5.032* 

bNK 

-.01965 

.00677 

-  2.902** 

bNM 

.03744 

.01128 

3.319* 

bKM 

.04128 

.01464 

2.819** 

bKK 

.02106 

.01422 

1.480 

bMM 

.00249 

.02596 

.095 

X  XX  X 

.56129 

.01812 

32.667* 

<3a 

.55055 

.01691 

32.553* 

^LF 

-.13868 

.01149 

-12.062* 

9nf 

-.09535 

.00635 

-15.005* 

9rf 

.00091 

.01112 

.081 

9mf 

.23312 

.01443 

16.153* 

9  la 

-.14271 

.01443 

-  9.885* 

9ma 

-.06072 

.00837 

-  7.251* 

Li  n 

9ka 

.04323 

.01347 

3.209** 

9mA 

.16020 

.18535 

8.643* 

9pA 

-.24027 

.03909 

-  6.146* 

.58468 

.03381 

17.290* 

l  J. 

9  A  A 

.50687 

.06176 

8.207* 

-.18079 

.03802 

-  4.754* 

dL 

-.29900 

.00886 

-33.745* 

dN 

dK 

d-p 

.05220 

.00550 

9.482* 

-.03438 

.00412 

-  8.334* 

-.20897 

.02538 

-  8.232* 

dA 

.47850 

.02493 

19.189* 

*significant  at  the  1%  level 

**s ignif icant  at  the  5%  level 


. 

' 

Table  7:  Goodness  of  Fit  Statistics 


Equation 

R2 

SEE 

DW 

Cost  function 

.9449 

.11659 

.9956 

Land  cost  share 

.9720 

.02560 

1.1620 

Labor  cost  share 

.7736 

.01600 

1.1017 

Capital  cost  share 

.6718 

.00935 

.8890 

Field  revenue  share 

.8138 

.07688 

.9146 

Animal  revenue  share 

.9374 

.07327 

1.2308 

• 
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function. 106 

The  results  from  the  two  revenue  share  equations 
reflects  relative  specialization  of  field  crops  in  the 
West  and  of  livestock  and  animal  products  in  the  East. 
The  results  are  not  surprising  given  the  geographical 
nature  of  Canada  and  the  location  of  markets.  The 
negative  coefficient  of  the  regional  dummy  in  the  cost 
function,  although  relatively  small  but  statistically 
significant,  indicates  Eastern  Canada  has  a  lower  cost 
curve  compared  to  Western  Canada.  A  summary  of  the 
interpretation  of  the  regional  dummy  variables  is 
presented  in  Table  8. 

Table  9  presents  the  estimates  of  the  elasticities  of 
substitution  for  Canadian  agriculture.  Treating  the 
translog  cost  function  as  a  second  order  approximation 
requires  the  calculation  of  the  elasticities  to  be 
conducted  at  the  point  of  approximation.  The  elasticities 
of  substitution  formula  is  evaluated  at  the  mean  of  the 
data. 

The  aggregate  Canadian  results  indicate  that  all 
pairs  of  inputs  are  substitutes  with  the  exception  of  land 

106One  should  be  careful  in  comparing  the  signs  of  the 
dummy  variables  in  this  study  with  those  of  Lopez  and  Tung 
(1982)  since  the  former  enters  0  for  the  West  and  1  for 
the  East  while  the  latter  enters  1  for  the  East  and  0  for 
the  East. 
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Table  8:  Interpretation  of  Regional 


Equation 

Land 

Labor 

Capital 

Field  Crops 


Western  Canada 


Intensive 


Intensive 


Specialization 


Livestock  and 
Animal  Products 


Dummy  Variables 


Eastern  Canada 


Intens ive 


Specialization 


Costs 


Higher 


Lower 
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Table  9:  Estimated  Elasticities  of  Substitution  for  Canadian  Agricultur 
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and  labor  which  reveals  a  complementary  relationship.  The 
complementary  relationship  between  land  and  labor  confirms 
the  findings  of  Lopez  and  Tung  (1982) .  Labor-materials 
and  capital-materials  exhibits  the  largest  degree  of 
subs  titutabli  ty  both  having  values  of  E^j  >  1.  The 
remaining  three  E^j  values  are  positive  but  less  than  one. 

Calculations  of  the  elasticities  of  substitution  were 
also  conducted  for  each  region.  The  substitution  formula 
was  evaluated  at  the  mean  of  the  regional  data. 

The  elasticities  of  substitution  estimates  for 

Western  Canada  are  reported  in  Table  10.  All  pairs  of 

inputs  are  substitutes  excluding  land-labor  and 

107 

labor-capital.  Similar  to  the  findings  of  the  aggregate 
data,  labor-materials  and  capital-materials  show  the 
largest  substitution  possibilities. 

Table  11  shows  the  elasticities  of  substitution 
values  for  Eastern  Canada.  The  Eastern  Canada  results  are 
similiar  to  those  found  in  the  Canadian  aggregate. 


Due  to  the  variability  in  the  AUESij,  upon 
examination  of  Tables  9,  10  and  11,  one  can  clearly  rule 
out  the  Cobb-Douglas  technology  where  AUESij  =  1,  the 
Leontief  technology  where  AUESij  =  0  and  the  CES 


107Labor-capital  elasticity  of  substitution  is 
statistically  insignificant. 


£ 
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Table  10:  Estimated  Elasticities  of  Substitution  for  Western  Canada9 
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Table  11:  Estimated  Elasticities  of  Substitution  for  Eastern  Canada3 
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specification  where  AUES^  are  equal. 

The  own  price  and  cross  price  elasticities  of  demand 
for  the  Canadian  aggregate  are  shown  in  Table  12.  All 
four  inputs  have  the  correct,  a  priori,  sign  for  their  own 
price  elasticity  of  demand.  The  low  value  of  for  land 
indicates  an  inelastic  demand  function  for  this  input. 
The  low  own  price  elasticity  of  demand  for  land  is 
consistent  with  Binswager  (1973)  and  Islam  and  Veeman 
(1980)  but  is  different  than  the  results  of  Lopez  and  Tung 
(1982) .  Materials  and  capital  have  the  least  relatively 
inelastic  demand  functions  out  of  the  four  inputs.  Only 
land-labor  and  labor-land  show  negative  cross  price 
elasticities . 

The  partial  cross  price  and  own  price  elasticities  of 
factor  demands  were  also  calculated  for  Western  and 
Eastern  Canada.  These  results  are  reported  in  Table  13 
and  Table  14,  respectively.  In  general,  there  appears  to 
be  no  marked  difference  between  the  elasticity  values  for 
Canada  as  a  whole  and  the  regional  values  with  the 
exception  of  capital-labor  and  labor-capital.  In  Western 
Canadian  these  values  are  negative  indicating  a 
complementary  relationship  while  Eastern  Canada  and  the 
Canadian  aggregate  identify  these  inputs  as  substitutes. 

Evaluating  the  signs  of  the  Allen-Uzawa  partial 
elasticity  of  substitution  and  the  cross  partial 


. 


Table  12:  Estimated  Price  Elasticities  for  Canadian  Agriculture 
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Table  13:  Estimated  Price  Elasticities  for  Western  Canada 
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Table  14:  Estimated  Price  Elasticities  for  Eastern  Canada 
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elasticity  of  factor  substitution  allows  one  the  to 
classify  the  inputs  as  complements  and  substitutes.  Table 
15  summarizes  these  findings  for  Canada,  Western  Canada 
and  Eastern  Canada. 

The  output  elasticities  of  factor  demand  were 
calculated  for  Canada  and  the  two  regions.  These  results 
are  presented  in  Table  16.  Recall  a  negative  sign 
indicates  the  factor  input  is  an  inferior  good,  a  value 
between  zero  and  positive  one  reveals  the  input  is  normal 
and  a  value  greater  than  positive  one  identifies  the  input 
as  a  superior  input. 

Examining  the  field  crop  elasticities  of  factor 
demands  reveals  the  following.  Labor  is  an  inferior  input 
in  all  three  calculations  indicating  the  demand  for  labor 
shifts  inward  as  the  quantity  of  field  crops  increase. 
This  is  consistent  with  the  observed  relative  decline  in 
agricultural  labor  use.  The  calculation  of  the  field  crop 
elasticity  of  land  reveals  this  factor  of  production  is  an 
inferior  factor  input  in  Eastern  Canada  and  a  normal  input 
in  Western  Canada.  It  appears  Eastern  Canada  field  crop 
production  is  constrained  the  relative  unavailability  of 
land  while  the  West  is  not.  This  supports  the  findings  of 
Lopez  and  Tung  (1982)  who  utilized  a  single  aggregate 
output  measure.  It  was  found  that  capital  used  in  field 
crops  was  a  normal  factor  of  production  in  both  regions. 
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Table  15:  Classification  of  Factor  Inputs  for  Agriculture 
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Materials 

Canada  substitutes  substitutes  substitutes 
Western  substitutes  substitutes  substitutes 
Eastern  substitutes  substitutes  substitutes 
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Table  16:  Output  Elasticities  of  Factor  Demand 


Canada 

Western 

Eastern 

Field  Crops 

Land 

.09110 

.32630 

-  .19234 

Labor 

-  .32800 

-  .46840 

-  .31501 

Capital 

.50164 

.66268 

.34064 

Materials 

1.19980 

1.50670 

.93558 

Livestock 

Land 

.36930 

.16518 

.52374 

Labor 

.26175 

-  .21055 

.65289 

Capital 

.99200 

.70085 

1.28450 

Materials 

1.27010 

1.09000 

1.47950 

' 

Ill 


Finally,  materials  in  Western  Canada  are  superior,  while 
materials  in  Eastern  Canada  are  normal.  This  latter 
result  is  consistent  with  the  observed  increases  in  energy 
use,  fertilizer,  etc. 

Summarizing  the  field  crop  elasticities  of  factor 
demands,  the  empirical  results  suggest  increases  in  the 
production  of  field  crops  in  the  West  is  accompanied  by 
relatively  small  increases  in  land  and  capital,  a  decrease 
in  the  usage  of  labor  and  relative  larger  increases  in 
material  usage.  Contrarily,  in  the  East,  an  increase  in 
field  crop  production  brings  forth  relative  increases  in 
capital  and  material  use  and  relative  decreases  in  land 
and  labor. 

The  livestock  elasticity  of  factor  demands  reflect  a 
slightly  different  pattern  of  input  responses  as  a  result 
of  livestock/animal  products  expansion,  vis-a-vis,  field 
crops.  Land  and  capital  are  normal  factors  of  production 
in  the  livestock  industry  for  all  three  calculations  with 
the  exception  of  capital  in  Eastern  Canada  livestock  where 
it  appears  to  be  a  superior  input.  On  the  other  hand,  the 
livestock  elasticity  of  demand  for  materials  indicates 
that  materials  are  superior  in  Eastern  Canada,  Western 
Canada  and  the  aggregate  livestock  industry.  Finally, 
labor  used  in  the  livestock  industry  is  an  inferior  factor 
of  production  in  Western  Canada  and  normal  in  Eastern 


. 
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Canada . 

The  Eastern  livestock  elasticities  of  factor  inputs 
reflect  land  and  labor  as  normal  inputs  in  the  livestock 
industry  while  capital  and  materials  are  both  superior. 
It  is  interesting  to  note  that  the  Western  output 
elasticities  of  factor  demands  for  both  field  crops  and 
livestock  have  the  same  pattern  of  input  responses. 

The  interregional  differeces  in  input  responses 

suggest  the  East  and  West  have  significantly  different 

production  technologies.  This  implies  the  model 

specification  employed  throughout  this  thesis  may  be 

inappropriate.  Further  research  should  estimate  the 

production  technology  of  Western  and  Eastern  Canadian 

agriculture  separately  to  determine  if  there  exists  any 

10  8 

biases  due  to  the  specification  in  the  present  study. 

A  summary  classification  of  factor  inputs  according 
to  their  output  elasticity  of  factor  demand  for  field 
crops  and  livestock  is  presented  in  Table  17. 

The  marginal  costs  of  production  of  field  crops  and 
livestock  for  Canada  and  the  two  regions  is  shown  in  Table 
18.  These  marginal  costs  are  difficult  to  interpretate 
due  to  the  ambiguous  units  of  output.  However,  the 

108This  presumes  the  analyst  has  a  sufficiently  large 
data  set. 
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Table  17:  Classifying  Output  Elasticities  of  Factor  Demand 


Canada 

Western 

Eastern 

Field  Crops 

Land 

normal 

normal 

inferior 

Labor 

inferior 

inferior 

inferior 

Capital 

normal 

normal 

normal 

Materials 

superior 

superior 

normal 

Livestock 

Land 

normal 

normal 

normal 

Labor 

normal 

inferior 

normal 

Capital 

normal 

normal 

superior 

Mater ials 

superior 

superior 

superior 

. 
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estimated  values  of  each  marginal  cost  can  be  readily 
employed  to  calculate  the  marginal  rates  of  product 
transformation.  The  marginal  rates  of  transformation  are 
also  reported  in  Table  18. 

A  comparison  of  the  marginal  rate  of  transformation 
of  field  crops  for  livestock  between  Western  and  Eastern 
Canada  leads  to  an  interesting  result.  In  Western  Canada, 
the  agriculture  sector  would  have  to  give  up  approximately 
one  unit  of  field  crops  in  order  to  produce  one  extra  unit 
of  livestock.  Contrarily,  the  agriculture  sector  in 
Eastern  Canada  would  have  to  forgo  approximately  three 
units  of  field  crops  in  order  to  produce  an  additional 
unit  of  livestock.  This  verifies  the  relative 
specialization  of  field  crops  in  the  West  and  livestock  in 
the  East  as  indicated  by  the  signs  of  the  coefficients  for 
the  dummy  variables  in  the  revenue  share  equations. 


4.5  Economies  of  Scope  and  Economies  of  Scale 


Recall  jointness  or  cost  complementarity  is  a  local 
test  for  the  existence  of  local  economies  of  scope.  If 
there  exists  local  economies  of  scope,  then  there  exists  a 
cost  saving  from  producing  field  crops  and  livestock 
together . 


The  nonjointness  hypothesis  was  tested  by  scaling  the 
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Table  18:  Marginal  Costs  and  Rates  of 


Canada 


Western 


MCn 


1232.90 


1760.83 


MC, 


2055.94 


1616.35 


MRT 


FA 


1.6676 


.9177 


Transformation 

Eastern 


757.56 


2235.44 


2.9508 
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data  at  the  mean  as  indicated  earlier.  The  empirical 
results  indicate  the  nonjointness  hypothesis  could  not  be 
rejected.  This  suggests,  in  the  aggregate,  there  is  no 
local  cost  complementarity  between  the  production  of  the 
two  outputs  and  indicates  the  lack  of  local  economies  of 
scope.  The  statistical  results  for  the  test  of 
nonjointness  and  local  overall  economies  of  scale  are 
presented  in  Table  19. 

Following  Gillen  and  Oum  (1983)  ,  the  cross  partial  of 
the  cost  function  with  respect  to  the  two  outputs  was 
evaluated  at  the  scaled  data  point.  The  cost  complementary 
test  statistic  evaluated  at  this  point  yielded  CCyr  =  .06 
which  indicates  a  clear  lack  of  complementarity  and  hence 
no  cost  advantage  to  the  production  of  field  crops  and 
livestock /animal  products  simultaneously. 

One  would  expect  the  existence  of  local  economies  of 
scope  at  the  micro  level  for  mixed  farming  operations. 
However,  in  the  aggregate,  given  the  composition  of  the 
two  outputs  and  their  respective  diversified  inputs,  there 
is  no  a  priori  reason  to  expect  cost  complementarity  in 
the  aggregate  analysis. 

Finally,  a  test  of  the  null  hypothesis  of  local 
overall  constant  returns  to  scale  was  conducted.  Recall, 
the  global  tests  conducted  for  linear  homogeneity  were  all 
convincingly  rejected.  It  may  be  the  case,  there  exists 


Table  19:  Local  Tests  of  the  Production  Structure 
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linear  homogeneity  in  the  neighborhood  of  the  point  of 
approximation.  The  empirical  results  led  to  the  rejection 
of  local  overall  constant  returns  to  scale. 

Due  to  the  rejection  of  the  above  hypothesis,  two 
measures  for  the  Canadian  aggregate  and  one  measure  for 
each  region  was  calculated  to  determine  whether  each  of 
these  regions  was  characterized  by  aggregate  local 
economies  or  diseconomies  of  scale.  At  the  industry 
level,  this  is  equivalent  to  determining  where  the 
industry  is  characterized  by  increasing  or  decreasing 
costs . 

At  the  scaled  data  mean,  SE  =  ”  .8994  which 

y  Y 

indicates  in  the  Canadian  aggregate,  agriculture  is 
characterized  by  overall  diseconomies  of  scale  or  in 
otherwords  Canadian  agriculture  is  an  increasing  cost 
industry.  This  was  checked  by  examining  the  inverse  of 
the  sum  of  output  cost  elasticities  at  the  mean  of  the 
unsealed  data.  As  a  result,  it  was  found  that  SE  =  .7784 
for  Canadian  agriculture  which  verifies  the  above. 


The  inverse 

of  the  sum  of 

the 

output 

cost 

elasticities  was 

also  calculated 

for 

each 

region 

evaluating  the  formula  at  the  mean  of  each  regional  data 
subset.  The  scale  elasticity  for  Western  and  Eastern 
Canada  was  estimated  to  be  .8579  and  .7125,  respectively. 
Both  Eastern  and  Western  Canadian  agriculture  are 
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increasing  cost  industries.  The  literal  interpretation  of 
these  two  values  indicated  if  output  is  expanded 
equiproportionately ,  say  by  10  percent  in  each  region, 
then  cost  would  increase  by  11.66  percent  in  the  West  and 
by  14.04  percent  in  the  East. 

This  result  coupled  with  the  fact  the  dummy  variable 
in  the  cost  function  indicates  Eastern  Canada  agriculture 
has  a  lower  cost  curve  seems  at  first  glance 
contradictory.  The  seemingly  conflicting  evidence  can  be 
reconciled  by  the  following.  It  appears  that  the  West  has 
a  cost  function  which  is  characterized  by  a  relatively 
flatter  cost  curve  (if  one  thinks  of  the  single  output 
case)  which  lies  to  the  the  right  and  slightly  upwards, 
vis-a-vis,  the  East  cost  function.  This  provides  a 
sufficient  explanation  of  the  two  facts. 

In  concluded  this  section,  the  Canadian  agriculture 
technology  is  nonhomothetic ,  nonjoint  and  nonhomogeneous . 
Approximating  statistics  indicate  that  agriculture  in 
Canada  is  an  increasing  cost  industry. 


Chapter  V;  SUMMARY  and  CONCLUSION 


This  chapter  is  divided  into  two  sections.  Section 

5.1  summarizes  the  highlights  of  the  major  findings  of 
this  study.  Section  5.2  indicates  the  limitations  of  this 
thesis  and  makes  recommendations  for  future  research. 

5.1  Summary  of  Findings 


This  study  has  examined  the  characteristics  of  the 
production  technology  of  Canadian  agriculture  using  the 
dual  cost  function.  Earlier  empirical  studies  explored 
the  characteristics  of  the  agriculture  production 
structure  employing  a  single  output  specification.  Recent 
developments  in  the  theory  of  multiple  output  technologies 
has  allowed  this  thesis  to  disaggregate  agriculture  output 
into  field  crops  and  livestock /animal  products.  Moreover, 
this  study  analyzed  the  production  technology  of  Eastern 
and  Western  Canadian  agriculture. 

Using  a  multiple  input,  multiple  output, 
nonhomothetic ,  joint,  translog  cost  function,  global  tests 
for  homothetici ty ,  homogeneity,  log-linearity  and  the  more 
restrictive  linear  homogeneous  structures  were  conducted. 

The  four  alternative  global  linear  homogeneous  tests 
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were  all  soundly  rejected  which  indicates  the  restrictive 
assumption  of  constant  returns  to  scale  is  clearly 
inappropriate  when  describing  Canadian  agriculture. 
Furthermore,  it  was  found  the  production  structure  of 
Canadian  agriculture  is  clearly  nonhomogeneous . 

It  was  shown  the  existence  of  a  consistent  output 
aggregator  which  is  necessary  and  sufficient  for  the  use 
of  a  single  aggregate  output  specification  required 
separability  between  input  prices  and  outputs.  Although 
weak  separability  could  not  be  tested,  the  statistical 
rejection  of  strong  separability  between  input  prices  and 
outputs  suggests  to  view  the  results  of  the  single 
aggregate  output  specification  with  caution. 

As  a  result  of  the  hypothesis  testing  for  global 
structure,  the  general  nonhomothetic  joint  multiple  input, 
multiple  output  translog  cost  function  was  maintained 
throughout  the  thesis. 

The  employment  of  dummy  variables  statistically 
showed  Western  Canadian  agriculture  was  characterized  by  a 
relatively  land  and  capital  intensive  technology 
specializing  in  field  crops.  Alternatively,  agriculture 
in  the  East  revealed  a  relative  specialization  in 
livestock  and  animal  products,  a  relative  labor  intensive 
technology  and  a  lower  cost  function. 
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The  summary  statistics  of  the  Allen-Uzawa 
elasticities  of  substitution  and  the  partial  cross  price 
and  own  price  elasticities  of  demand  revealed  no 
surprising  results.  These  results  are  not  strictly 
comparable  to  those  of  the  other  studies  cited  in  Chapter 
I  due  to  the  aggregation  of  inputs  and  disaggregation  of 
outputs . 

The  interpretation  of  the  output  elasticities  of 
factor  demands  led  to  the  conclusion  that  the  agriculture 
production  technology  utilized  in  the  East  is 
significantly  different  than  in  the  West.  Moreover,  the 
Eastern  Canadian  agriculture  technology  in  field  crops  and 
livestock /animal  products  is  markedly  dissimilar  while  the 
input  response  as  a  result  of  an  increase  in  field  crops 
and  livestock  in  the  West  reflects  a  close  degree  of 
similarity  in  each  industry. 

The  calculation  of  the  marginal  rate  of  product 
transformation  showed  the  West  must  give  up  one  unit  of 
field  crops  to  produce  an  extra  unit  of  livestock/animal 
products.  Contrarily,  it  was  shown  the  East  must  forgo 
approximately  three  units  of  field  crops  to  gain  an 
additional  unit  of  lives tock /animal  products. 

The  local  test  for  cost  complementarity  indicated,  in 
the  aggregate,  there  exists  no  cost  savings  from  the 
production  of  the  two  outputs  simultaneously. 
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Furthermore,  it  was  shown  that  agriculture  in  the  East, 
West  and  Canada  is  an  increasing  cost  industry. 

It  is  concluded  that  the  agriculture  technology 
utilized  in  Eastern  Canada  is  significantly  different  than 
in  Western  Canada. 

5.2  Areas  of  Future  Research 


Although  this  study  is  the  first  to  analyze  Canadian 
agriculture  using  a  multiproduct  approach,  there  exists 
several  areas  which  should  be  clarified  in  order  to  direct 
future  research.  There  exists  three  major  limitations  of 
the  present  study:  data  limitations,  functional 
specification,  and  technological  change. 

For  any  empirical  research,  the  quality  and  quantity 
of  the  data  is  crucially  important  since  the  statistical 
results  are  only  as  good  as  the  data.  The  present  study 
employed  data  originating  from  Agriculture  Canada  and 
Statistics  Canada.  Although  it  was  perhaps  the  best  data 
available  at  the  time,  I  am  unsatisfied  with  its  quality. 
In  particular,  the  expenditures  on  land  appears  to  be 
overstated  while  the  cost  of  hired,  operator  and  family 
labor  appears  to  be  understated.  This,  of  course,  may 
lead  to  statistical  biases  and  therefore  the  results  of 
this  study  should  be  viewed  with  caution. 
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The  data  used  in  this  study  represents  the  years  1961 
to  1979  disaggregated  by  region.  Since  each  region  is 
heterogeneous  in  nature,  the  future  availability  of 
adequate  provincial  data  should  be  used  to  make  an 
interprovincial  comparison.  Moreover,  if  the  data  set  is 
sufficiently  large,  future  research  should  disaggregate 
inputs  and  outputs  still  further  since  the  empirical 
results  tend  to  be  sensitive  to  the  degree  and  method  of 
aggregation. 

The  functional  specification  of  the  model  employed  is 
also  an  important  issue  as  indicated  in  section  2.5  and 
2.6.  The  present  study  employed  the  translog 
specification  of  the  cost  function.  Consequently,  the 
global  measures  of  economies  of  scope  and  product-specific 
economies  of  scale  could  not  be  estimated.  The  choice  of 
the  translog  functional  form  was  based  upon  the 
limitations  of  the  Shazam  program  used  in  estimation  in 
this  study  and  the  lack  of  a  sufficiently  large  data  set. 
Future  research  should  explore  alternative  specifications 
of  the  multiple  output,  multiple  input  Canadian 
agriculture  cost  function. 

The  functional  form  of  the  revenue  share  equations 
was  based  on  the  the  translog  specification  and 
assumptions  of  perfect  competition  and  cost  minimization. 
If  some  subsectors  of  agriculture  are  not  perfectly 
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competitive,  then  the  model  can  be  extended  to  incorporate 
economic  behavior  under  a  regulatory  constraint  and 
imperfect  competition.  It  would  be  of  interest  to  examine 
a  disaggregated  Canadian  agriculture  model  reflecting  the 
economic  interaction  between  the  competitive  sector  and 
the  regulated  sector. 

The  translog  specification  of  the  model  was  extended 
with  the  introduction  of  dummy  variables  into  each 
equation.  The  statistical  analysis  indicate  the  regional 
agricultural  technologies  are  substantially  dissimiliar. 
It  would  be  appropriate  if  the  regional  technologies  were 
estimated  separately.  The  necessary  condition  to 
implement  the  preceding  is  an  extended  regional  data  set. 

In  the  empirical  section  of  this  thesis,  it  was 
assumed  technological  change  was  of  the  Hicks  *  neutral 
type  and  was  excluded  from  the  estimating  equations.  This 
assumption  was  based  on  the  results  of  Lopez  (1980)  and 
was  employed  due  to  an  insufficiently  large  enough  sample 
size.  If  a  sufficiently  large  data  set  becomes  available, 
researchers  should  definitely  incorporate  technological 
change  into  the  full  multiple  product  model.  The  effect 
of  technological  change  should  be  empirical  tested  rather 
than  assumed. 

Realizing  the  limitations  of  this  thesis,  one  has  to 
remember  this  study  is  but  one  of  the  first  to  examine 
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agriculture  from  a  multiproduct  cost  approach.  The 
refinement  of  the  multiple  output,  multiple  input  costing 
approach  in  conjunction  with  increases  in  the  quality  and 
quantity  of  data  will  allow  future  researchers  to  increase 
our  understanding  of  the  production  technology  of  Canadian 
agr iculture . 


. 
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APPENDIX  A 


Given  the  output  elasticity  of  total  cost  is  defined  by 

<5ln  C(P,Q) 


Jcy 


8  In  Q, 


(1) 


expansion  of  the  right  handside  of  (1)  yields 
5  In  C(P,Q) 


S  In  Q, 


Sc(P,Q)  q, 


S Qy  C(P,Q) 


By  definition  the  marginal  cost  of  product  y  is 

£c(P,Q) 


(2) 


MCy  ^ 


(3) 


Now  if  profit  maximizing  occurs,  then  the  following  holds 

MRy  =  MCy  (4) 

Furthermore,  perfection  competition  implies 


Py  -  MRy 


(5) 


Substituting  into  (2)  yields 
Sin  C(P,Q) 


5  In  Q, 


py  Qy 

C(P,Q) 


(6) 
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The  numerator  of  (6)  is  total  revenues  recieved  from  the 
selling  Qy  while  the  denominator  of  (6)  is  the  total 
cost  of  producing  output  vector  Q.  Therefore,  equation  6 

A.  V% 

is  the  revenue  share  of  the  y1"  product. 


APPENDIX  B 


The  output  elasticity  of  factor  demand  by  definition  is 

<5  In 

Eiy  =  -j- - 

din  Qy 

hi 

SQ  y  (1) 

In  order  to  find  an  expression  for  E^y,  given  the  translog 
cost  function,  one  must  find  an  expression  for  X^  and  then 
the  first  derivative  of  X^  with  respect  to  Qy .  By  Shepard^s 
lemma 

$ C(P,Q) 

Xi  =  - r - 

dPi  (2) 

which  is  equal  to 

Sin  C  C  In  C  elnC 

X,  = - =  — -  - 

$ln  Pt  P£  din  Pt  Pt  (3) 


Partially  differentiating  (3)  with  respect  to  Qy  results  in 


5 

§ln  C 

*eln  C 

$  In 

C 

S2ln  C 

1 - 

u 

c 

rH 

<U 

i _ 

SO  y 

Sin  Pi 

_  pi 

Qy  5  111 

QySln  &  In  Qy 

.  pi 
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Recall,  the  cost  shares  and  revenue  shares 


Sin  C 

S  In 

Sin  C 

5 In  Qy 


(5) 


(6) 


respectively.  Collecting  common  terms  and  substituting  (5) 
and  (6)  into  equation  (4)  then 


Pi  Q 


y  L 


S2 


In  C 


si 


^  5 In  Pi  <5  In  Q, 


In  the  translog  model  employed  in  this  thesis 


(7) 


52ln  C 

&  In  Pi  Sin  Qy  9ly  (8) 

Substituting  (8)  into  (7)  implies 


Substituting  (9)  into  the  definition  of  E^y  given  in  (1) 
yields 


(10) 


Recalling  the  definition  of  the  cost  share  indicates  the 
first  term  on  the  right  hand  side  of  equation  is  the 
reciprocal  of  the  cost  share.  Therefore  (10)  becomes 


. 
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Finally,  the  above  can  be  expressed  as 

Eiy  =  (giy  /  si^  +  **y 

which  is  exactly  the  expression  given  on  page  71. 
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